TWO LOCAL INEQUALITIES 



IVAN CHELTSOV 
to the memory of Vastly Iskovskikh (1939-2009) 

Abstract. Many results in algebraic geometry can be proved using local inequalities that relate 
singularities of divisors on algebraic varieties and their multiplicities. For example, the famous 
theorem of Iskovskikh and Manin about the nonrationality of every smooth quartic threefold 
can be derived from one such inequality. We prove two new local inequalities for divisors on 
smooth surfaces. Using orbifold multiplicities, we can apply one of these inequalities to divisors 
on two-dimensional orbifolds. We consider some applications of the obtained inequalities. 
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We assume that all varieties are projective, normal, and defined over C. 

1. Introduction 

Let S be a surface, let O be a smooth point of 5, let Ai and A2 be curves on S such that 

O G Ai n A 2 , 

both Ai and A2 are irreducible and reduced, both Ai and A2 are smooth at O, and Ai intersects 
the curve A2 transversally at the point O. Let a\ and a 2 be rational numbers. 

Theorem 1.1. Let D be an effective Q-divisor on the surface S such that the log pair 

' S, D + a\Ai + a 2 A 2 ^ 
is not log canonical at O. Suppose that Ai % Supp(D) ^ A2, a\ ^ 0, a<i ^ 0. Then 
multo(-D • Ai) > 1 - a 2 or multo(-D ■ A 2 ) > 1 — a\. 



The author would like to thank I. Dolgachev, V. Golyshev, D. Kosta, Yu. Prokhorov and K. Shramov for useful 
comments and conversations. The would like to thank T. Dokchitser for the proof of Lemma lB.211 
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Proof. If a\ > 1 and 02 > 1, then we are done. So we may assume that a\ ^ 1. Then 

(s, D + Ai + a 2 A 2 ) 

is not log canonical at O. Then it follows from [19\ Theorem 17.6] (see Lemma |2. 18[) that 

multo ((£> + a 2 A 2 ) • Ai) > 1, 
which implies the required inequality. □ 

The following analogue of Theorem 11.11 is implicitly obtained in [22J . 
Theorem 1.2. Let D be an effective Q-divisor on the surface S such that the log pair 

's, D + a 1 A 1 + a 2 A 2 S 



is not log canonical at O. Suppose that Ai % Supp(D) 2 A 2 , a\ ^ 0, a 2 ^ 0. Then 
multo (d ■ Ai) > 2oi — a 2 or multo (d ■ A 2 ) > -a 2 — a± 



if the inequality a\ + a 2 /2 ^ 1 holds. 

We prove the following generalization of Theorems 11.11 and 11.21 in Section [3j 
Theorem 1.3. Let D be an effective Q-divisor on the surface S such that the log pair 

(S, D + a 1 A 1 + a 2 A 2 ^ 
is not log canonical at O. Suppose that Ai % Supp(D) ^ A 2 , a\ ^ 0, a 2 ^ 0. Then 
multo [D ■ Ai) > M + Aai - a 2 or multo (d ■ A 2 ) > N + Ba 2 - a x 



if aa\ + /3o 2 1, where A, B, M, N, a, (3 are non- negative rational numbers such that 

• the inequalities A(B - 1) > 1 > max(M, N) hold, 

• the inequalities a(A + M — 1) ^ A 2 (B + N — 1)/? and a(l - M) + Af3 ^ A hold, 

• either the inequality 2M + AN ^ 2 holds or 

a(B + l- MB - N)+ 0(A + 1-AN- M) ^AB-1. 

We consider several applications of Theorem 11.31 in Section [5j 

Remark 1.4. The proof of Theorem 11.31 is almost identical to the proof of Theorem 11.21 

The following result is obtained in [10] (cf. |17} Lemma 3.3]). 

Theorem 1.5. Let Ai be a linear system on the surface S that does not have fixed components, 
and let e be a positive rational number. Suppose that the log pair 



S, eM + aiAi + a 2 A 2 ^ 

is not Kawamata log terminal at the point O. Let M\ and M 2 be general curves in A4. Then 

f 4(1 - 01) (1 - 03) 



(1.6) multo (Mi ■ Af 2 ) ^ < 



e 2 



if a\ ^ or a 2 ^ 0, 



4(1 - ai - a 2 ) 

— if a\ ^ and a 2 ^ 0. 



e 2 



and if the inequality 11.61 is an equality, then 

2(ai - 1) 



multo (M) 



e 

the log pair (S, eAi + ai Ai + a 2 A 2 ) is log canonical, and a\ = a 2 ^ 0. 
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Proof. Let us show how to prove the inequality 11.61 (see the proof of [T71 Lemma 3.3]). 
Let <f>: S — * S be a blow up of the point O, let E be the exceptional curve of <j). Then 

Kg + eM + ai Ai + a 2 A 2 + (emulto (M) + ai + a 2 - l) E = <p* (k s + eM + a^i + a 2 A 2 

where M, Ai, A 2 are proper transforms of AI, Ai, A 2 on the surface S, respectively. 

Let Mi and M 2 be general curves in the linear system M, let Mi and M 2 be the proper 
transforms of the curves Mi and M 2 on the surface S, respectively. 

Suppose that emulto (.M) ^ 2 — a\ — a 2 . Then 



2 — ai — a 2 ) 2 



multo^Mi • M 2 ) ^ mnh? (M) > ° 2 ' ^ < 



f 4(1 - ai)(l - a 2 ) 

y — if ai ^ or a 2 ^ 0, 



4(1 - ai - a 2 ) 

5 if ai ^ and a 2 ^ 0, 



which implies the inequality 11.61 in the case when emulto (.M) ^ 2 — a\ — a 2 . 

To complete the proof we may assume that emulto (-M) < 2 — a\ — a 2 . Then the log pair 

yS, eM + oiAi + a 2 A 2 + (emalt (M) + a 1 + a 2 - l)#J 

is not Kawamata log terminal at some point Q € E. Then 

(1.7) multo f Mi • M 2 J > mult (At) + multg LMl • M 2 ) . 

To complete the proof, we must consider the following possible cases: 

• Q Ai U_A 2 , 

• Q = EnA 1 , 

• Q = Ef]A 2 . 

Suppose that Q Aj U A 2 . Then the log pair 

S,eAi + (emulto (.M) + a x + a 2 - l)^ 
is not Kawamata log terminal at the point Q. Thus, we may assume that 

/- _\ 4(2 - emulto (.M) - ai - a 2 ) 
multgfM! • M 2 J > -i ^A_l 1 ± 

by induction. Thus, it follows from the inequality 1 1 . 71 that 

multo(Mi • M 2 ) > mnltl(M) + ^ - emult ^) Z a A Z a A > < l Z ^~ ifg) , 

which implies the required inequality if a± ^ and a 2 ^ 0. Hence, it follows from the equality 

4(1 — ai — a 2 ) _ 4(1 - ai) (l - a 2 ) aia 2 
e 2 e 2 e 2 

that we may assume that a± > and a 2 > 0. Then 

mult (Mi-M 2 ) > multM-M) + 4(2 " £mUltQ( £ f ) " Ql " Q2) > ^^^ + (a 1 -a 2 ) 2 , 

because emulto (.M) < 2 — a\ — a 2 . This completes the proof in the case when Q £ Ai U A 2 . 
Without loss of generality, we may assume that Q = E fl Ai. Then the log pair 

S, eM + aiAi + (emulto (-M) + a x + a 2 - l)E 
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is not Kawamata log terminal at the point Q. Thus, we may assume that 
' 4(1 - ai)(2 - emulto(-M) - a\ - a 2 



mu\tQ\MrM2j > < 



c2 



if a\ ^ or emulto(A^) + a\ + a 2 ^ 1, 



4(2 - emulto(X) - 2ai - a 2 ) , N 

— if ai ^ and emulto(Al) + ai + a 2 < 1, 



e 

by induction. To complete the proof, we must consider the following possible cases: 

• a 2 ^ and either ai ^ or emulto(A / i) + a\ + a 2 1, 

• a 2 ^ and ai ^ and emulto(.M) + a\ + a 2 ^ 1, 

• a 2 ^ and either a\ ^ or emulto(At) + ai + a 2 ^ 1, 

• a 2 ^ and ai ^ and emulto(A'l) + a\ + a 2 ^ 1. 

Suppose that a 2 ^ and either ai ^ or emulto(A4) + a\ + a 2 ^ 1. Then 

4(1 - ai) (2 - emulto(.M) - a\- a 2 ) 



multQ^Mi -M 2 J ^ 2 

and it follows from the inequality 11.71 that 

/ \ o / \ A(l - a 1 )(2 - emult (M) - a x - a 2 ) 4(l - ax) (l - a 2 ) 4a? 
multo(M r M 2 J ^ mult^(A4)+^ ^ 7 - 1 ^ -i ^ +1^ 

which completes the proof in the case when a 2 ^ and either a\ ^ or emulto(.M) +ai + a 2 ^ 1. 
Suppose that a 2 ^ and ai ^ and emulto(A^) -+- a\ + a 2 ^ 1. Then 

4(2 - emult (.M) - 2ai - a 2 ) 



multg^Mi • M 2 J ^ 
and it follows from the inequality 11.71 that 



multoKM 2 ) ^ multM^) + 4(2 " £mUlt0( y ) " 2ai " a2) > ~ ~ **) _*«^ + <») 



which completes the proof in the case when a 2 ^ and a\ ^ and emulto(.M) + ai + a 2 ^ 1. 
Suppose that a 2 ^ and ai ^ and emulto(A^) + a\ + a 2 ^ 1. Then 

4(2 - emult (A4) - 2ai - a 2 ) 



mult Q (Mi -M 2 ) ^ ( 2 



and it follows from the inequality 11.71 that 

/ \ o / a 4(2 - emultof-M) - 2ai - a 2 ) 4(l - ai - a 2 ) 4ai 
multofMi • M 2 ) ^ mult^(M) + -i ^ ^ -i ± ^ - 



which completes the proof in the case when a 2 ^ and ai ^ and emulto(.M) + ai + a 2 ^ 1. 
Thus, we may assume that a 2 ^ and either a\ ^ or emulto(A^) -+- a\ + a 2 ^ 1. Then 

mult^M, • M 2 ) £ 4(l-a 1 )(2-anuL^)-a 1 -a 2 )_ 

and it follows from the inequality 11.71 that 

/ \ 9/ n 4(1 - ax) (2 - emulto(A^) - a\ - a 2 ) 4 - 4f 1 - ai ) [a\ + a 2 ) 
multo (M r M 2 ) > mul1&(M)+-* ^ ^ ^ ^ 3£Li tl 



In the case when a\ ^ 0, we have 

■nult^M, . M 2 ) S '-'('-P ('.+-) = 4(1-0(1-.,) + £ 
which completes the proof. In the case when a\ ^ 0, we have 

mult (M 1 • M 2 ) > 4 " 4(l "^ (ai+ ^ = 4(1 "^"^ + 4Ql(Q ; 2 +Q2) 
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which completes the proof. □ 

We prove the following analogue of Theorem 11.51 in Section 01 

Theorem 1.8. Let M be a linear system on the surface S that does not have fixed components, 
and let e be a positive rational number. Suppose that the log pair 



S, eM + aiAi 

is not terminal at the point O. Let M\ and M<i be general curves in M. Then 



(1.9) multo^Mi • M 2 ) > < 



if ^ >-l/2, 



6 

-4a 



c2 



- if oi < -1/2, 



f 

and if the inequality 11.91 is. actually, an equality, then (S, eM + a±Ai) is canonical and 

• either — a\ <E N and multo(.A4) = 2/e, 

• or ai = and multo(A / () = 1/e. 

We consider one application of Theorem 11.81 in Section [6l 

2. Preliminaries 

Let (f>, ip and v\,...,v~ be non-zero polynomials in C[zi, . . . , z n ] such that the locus 

C C n 



has dimension at most n — 2, let a, 5 and c be non-negative rational numbers. Put 



|t>l| H h |f 7 

and let O € C n be the origin. 

Question 2.1. When f2 is square-integrable near the point O? 
The answer to Question 12.11 is given in Example 12.81 By putting 
co(^) = sup je E Q the function f2 2e is locally integrable in near O £ C n | G Q^o U {+oo}, 
we see that is locally integrable near the point O cq(CI) > 1. 

Example 2.2. Let mi, . . . , m n be positive integers. Then 

min ( 1, V — J = c ( , „^ 1 m . , J ^ cq I , 1 , J = min (—,—,..., — 

Let X be a variety with rational singularities. Let us consider a formal linear combination 

r I 

B x = ^2 aiBi + ^2 CiMi, 
i=i i=i 

where a« and Cj are rational numbers, -B, is a prime Weil divisor on X, and .Mi is a linear system 
on the variety X that has no fixed components. We assume that Bi ^ Bj and Mi ^ Mj for i ^ j. 

Remark 2.3. Let k be a big enough natural number. For every i € {1, . . . , 1} and j € {1, . . . , k}, 
let M 4 J be a sufficiently general element in the linear system Mi. Then replacing every Mi by 

Ml + M? + Mf + M? + --- + M* 
k 

we can always consider Bx as a Q-divisor on the variety X. 
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Suppose that Kx + Bx is a Q-Cartier divisor. 

Definition 2.4. We say that Bx is a boundary of the log pair (X, Bx)- We say that 

• Bx is mobile if a, = for every i G {1, . . . , r}, 

• Bx is effective if a. L ^ for every is{l,...,r} and Cj ^ for every j G {1, . . . , Z}. 
Let 7r : X — > X be a birational morphism such that X is smooth. Put 

r I 

B X = ^2 a iBi + ^ CiMi, 
i=i i=i 

where -Bj is the proper transform of the divisor £?j on the variety X, and .Mi is the proper 
transform of the linear system Mi on the variety X. Then 

m 

K x + B x = vr* (k x + B x )+Y1 d ^ 

i=i 

where d{ G Q, and E{ is an exceptional divisor of the morphism tt. Suppose that 

(y*) u GM 

is a divisor with simple normal crossing, and Mi is base point free for every i G {1, . . . , I}. Put 

m 

B X = B x — diEi, 
i=i 

and take e G Q such that 1 ^ e ^ 0. Then (X,B X ) is called the log pull back of (X, B x ). 

Definition 2.5. The log pair (X, Bx) is e-log canonical (respectively, e-log terminal) if 

• the inequality a% ^ 1 — e holds (respectively, the inequality a% < 1 — e holds), 

• the inequality dj ^ — 1 + e holds (respectively, the inequality dj > — 1 + e holds), 

for every i G {l,...,r} and for every j G {1, . . . , m}. 

We say that (X,Bx) has log canonical singularities (respectively, log terminal singularities) 
if the log pair (X, Bx) is 0-log canonical (respectively, 0-log terminal). 

Remark 2.6. Let P be a point in X, and let A be an effective divisor 

r 

A = ^2e i B i = B x , 

i=i 

where is a non-negative rational number. Suppose that 

• the boundary i?x is effective, 

• the divisor A is a Q-Cartier divisor, 

• the log pair (X, A) is log canonical in the point P G X, 

but the log pair (X, Bx) is not log canonical in the point Pel. Put 



a = mm 



^0 , 



where a is well defined, because there is / 0. Then a < 1, the log pair 



x ^^^^ 

i=i j=i 
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is not log canonical at the point P£l, the equivalence 

I — a ^-^ 

1=1 8=1 

holds, and at least one irreducible component of Supp(A) is not contained in 



Let Dx be another boundary on the variety X such that the divisor 

K x + B x + D x 
is a Q-Cartier divisor. Let Z C X be a closed subvariety. 

Definition 2.7. The e-log canonical threshold of the boundary Dx along Z is 
c z (X, B X ,D X ) = sup | A G Q the pair fx, 5 X + Al^jsf J is e-log canonical along Z j € Qu{±oo}. 
The role played by the number c e z (X, Bx, Dx) is very important for e = 0. So we put 

cz{X,Bx,D x ) =c° z (X,B x ,D x ), 
and we put c e (X,B x ,D x ) = c x (X,B x ,D x ) and c(X,B x ,D x ) = c x (X,B x ,D x ). Note that 

c z (X,B x ,D x ) = -co 

if the log pair (X, Bx) is not e-log canonical along Z and Dx = 0. If Bx = 0, then we put 

c z {X,Dx) =c z {X,Bx,D x ), 
and we put c*(X,D x ) = c x (X,D x ), c z (X,D x ) = c z (X,Bx,D x ), c(X,D x ) = c x (X,D x ). 
Example 2.8. It follows from [20] that 

c (fi) = c (C n , a(i/> = 0)- b(</> = 0) + cB" 

and the following conditions are equivalent: 

• the function O is square-integrable near O £ C", 



• the singularities of the log pair 

k 




are log terminal near O € C™, where [A^ : • • • : Al] is a general point in P 7 " 1 , and k is a 
sufficiently big natural number, 
• the singularities of the log pair 

(C n , a((f> = 0) -&((/> = 0) +cB) 

are log terminal near O £ C n , where B is a linear system generated by v\ = 0, . . . , v r = 0. 

We say that the log pair (X, Bx) has canonical singularities (respectively, terminal singula- 
rities) if the log pair (X,Bx) is 1-log canonical (respectively, 1-log terminal). 

Remark 2.9. Suppose that Bx is effective and (X, Bx) is canonical. Then a\ = ■ ■ ■ = a r = 0. 
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One can show that Definition 12.51 is independent on the choice of ir. Put 
LCS e (x,£ x ) = I (J S *)U( U ^iEiUcX, 

put LCS(X,B X ) = LCS (X,£ X ) and CS(X,B X ) = LCSi(X,B x ). We say that the subsets 

LCS e (x,B x ^, LCs(x,B x \ Cs(x,B x 

are the loci of e-log canonical, log canonical, canonical singularities of (X,B X ), respectively. 

Definition 2.10. A proper irreducible subvariety Y C X is said to be a center of e-log canonical 
singularities of the log pair (X,B X ) if for some choice of the resolution ir: X —* X, one has 

• either the inequality m ^ 1 — e holds and Y = B{ for some i G {l,...,r}, 

• or the inequality cfj ^ — 1 + e holds and Y = ir(Ei) for some i G {1, . . . , m}. 

Let LCS e (X, B x ) be the set of all centers of e-log canonical singularities of (X,B x ). Then 

Y G LCS e ^BjJ^FC LCS e (x, B x 

and 1LCS t (X,B x ) = LCS e {X,B x ) = <^ the log pair (X,B x ) is e-log terminal. 

Remark 2.11. Let 7i be a linear system on X that has no base points, let H be a sufficiently 
general divisor in the linear system Tl, and let Y C X be an irreducible subvariety. Put 

k 

YC\H = Y,Zi, 
i=i 

where Z{ C H is an irreducible subvariety. It follows from Definition ^. 101 (cf. Theorem 12 .17\i that 
Y G LCS e (X,£ x ) <=> |Zi,...,^ fc } CLCsJh,B x 

We put LCS(X,B X ) = 1LCS (X,B X ) and CS(X,5 X ) = LCSi(X,B x ). We say that 

• elements in LCS(X, B x ) are centers of log canonical singularities of the log pair (X, B x ), 

• elements in CS(X, B x ) are centers of canonical singularities of the log pair (X, B x ). 

Example 2.12. Let x : X — ► X be a blow up of a smooth point ?£l. Put 

r I 

1=1 1=1 

where -Bj is a proper transform of the divisor Bi on the variety X, and A4j is a proper transform 
of the linear system Aii on the variety X. Then 

K x + B x = tt*(k x + Bx) + (dim(X) - 1 - mult P (B x )W 

where E is the exceptional divisor of Xi an d multp(-Bx) G Q- Then 

• the log pair (X, B x ) is e-log canonical near Pel the log pair 

'±, B x + ('multp(Bx) - dim(X) + ljEj 
is e-log canonical in a neighborhood of E, which implies that 

mult P (B x ) ^ dim(X) — e => P G LCS e (X, B x ) , 

• if the boundary B x is effective, then 
muh P (B x ) <l-e^P^ LCSJX, B x ) , 



ii 
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if the boundary Bx is effective and mobile, then 

um\tp{B x ) < 1 => P & CS(X,B X \ 
if dim(X) = 2, and the boundary Bx is effective, then 

P G CS(X,£ X ) ^> multp(Bx) > 1 



If the boundary Bx is effective, then the locus LCS(X, B x ) C X can be naturally equipped 
with a subscheme structure (see [29] ). Indeed, if i?x is effective, jut put 

(m r \ 

i=l »=1 / 

and let C(X, Bx) be a subscheme that corresponds to the ideal sheaf I(X, Bx)- 

Definition 2.13. If the boundary B x is effective, then we say that 

• the subscheme C(X, Bx) is the subscheme of log canonical singularities of (X, Bx), 

• the ideal sheaf I(X, Bx ) is the multiplier ideal sheaf of the log pair (X, Bx ) ■ 

If the boundary Bx is effective, then it follows from the construction of C(X, Bx) that 

Supv(c(X,B x )) = LCS(X,B X ) C X. 



The following result is the Nadeb-Shokurov vanishing theorem (see |29j). 
Theorem 2.14. Let H be a nef and big Q-divisor on X such that 

Kx + Bx + H = D 

for some Cartier divisor D on the variety X. Suppose that Bx is effective. Then for i ^ 1 

H^X, I(X,B x )®d\ =0. 

Proof. See [23J Theorem 9.4.8]. □ 
Corollary 2.15. Suppose that Bx is effective. Then the locus 

LCs(x,Bx) C X 
is connected if the divisor —(K x + Bx) is nef and big. 

The assertion of Corollary 12.151 is a special case of the following result. 
Theorem 2.16. Let i/j: X — > Z be a morphism. Then the set 

LCS(X, B r 



is connected in a neighborhood of every fiber of the morphism tj} o n : X —* Z in the case when 

• the boundary Bx is effective, 

• the morphism is surjective and has connected fibers, 

• the divisor —{K x + Bx) is nef and big with respect to ijj. 

Proof. See |29} Lemma 5.7]. □ 

Applying Theorem 12.161 one can prove the following result. 

Theorem 2.17. Suppose that the boundary Bx is effective, the divisor Kx is Q-Cartier, a\ = 1, 
and B\ is a Cartier divisor with log terminal singularities. Then the following are equivalent: 

• the log pair (X, Bx) is log canonical in a neighborhood of the divisor B±, 
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• the singularities of the log pair 

(b 1: Y^a.Bi 

\ i=2 

are log canonical. 

Proof. See [HI Theorem 7.5]. □ 

The simplest application of Theorem 12. 171 is already a non-obvious result. 
Lemma 2.18. Suppose that dim(X) = 2 and a\ ^ 1. Then 



^Bi • B x > 1 



i=2 



whenever (X, Bx) is not log canonical in a point P G B\ such that P ^ Sing(X) U Sing(-Bi). 
Proof. Suppose that (X, Bx) is not log canonical in a point P G B\. By Theorem 12. Yl\ we have 

ai^j \ Bi^ multp ^ Oj5j 



\ i=2 / \ i=2 

if P Sing(X) U Sing(Pi), because (X, Pi + Ya=2 a iBi) is n °t l°g canonical at the point P. □ 
The assertion of Theorem 12.171 can be slightly refined. 

Definition 2.19. The log pair (X, Bx) has purely log terminal singularities if 

• the inequality ^ 1 holds for every i G {1, . . . , r}, 

• the inequality dj > — 1 for every j G {1, . . . , m}. 

Theorem 2.20. Suppose that Bx is effective, a\ = 1, and Pi is a Cartier divisor. Then 

• the variety Pi has log terminal singularities if (X, Bx) is purely log terminal, 

• the following assertions are equivalent: 

— the log pair (X, Bx) is purely log terminal in a neighborhood of the divisor B\, 

— the variety B\ has rational singularities, and the log pair 



> 1 



Bi 



Pi, y aiBi 



i=2 



By 



is log terminal. 

Proof. See [2UJ Theorem 7.5]. □ 

Suppose now that the boundary Bx is effective and mobile. Thus, we have 

i 

B x =^2ciMi, 

i=l 

where q G Q and q ^ 0, and Mi is a linear system on X that has no fixed components. 

Definition 2.21. We say that a log pair (Y, By) is birationally equivalent to (X, Bx) and if 

• the boundary By is effective and mobile, 

• there is a birational map £: X — - > y such that 

/ 

By = Y J <Ht{M i ), 

i=l 

where £(.Mj) is a proper transform of the linear system A4i on the variety Y. 
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Thus, the log pairs (X,B X ) and (X,Bx) are birationally equivalent. 
Definition 2.22. Let D be a Weil Q-divisor on X. Then D is Q-effective if 

3 n G N such that |nml?| ^ 0, 
where m G N such that mD is an integral Weil divisor. 

Definition 2.23. The Kodaira dimension of the log pair (X, Bx) is the number 



k(X,B x 



su PneN dim ( 4>\nm{K x +Bx)\ i X ) ) if K x + B x is Q-effective, 



— oo if K x + B x is not Q-effective, 
where m G N such that m(K x + £?x) is a Cartier divisor. 

The number k(X,Bx) is independent on the choice of 7r (see [U Lemma 1.3.6]). 
Lemma 2.24. Let (Y,By) be a log pair that is birationally equivalent to (X, Bx)- Then 

k(x,Bx) =4y,By 



Proof. See [H Lemma 1.3.6]. 

If the log pair (X,B X ) is canonical, then it follows from [U Lemma 1.3.6] that 



k(x,B x 



su PneN dim mrmi(Kx+Bx)|(^)) if K x + B x is Q-effective, 



— oo if + i?x is Q-effective, 
where m G N such that m(Kx + -Bx) is a Cartier divisor. 

Corollary 2.25. If (X, Bx) is canonical and Kx + -By is Q-effective, then k(X, Bx) ^ 0. 
It follows from Definition 12.231 that 



in the case when q for every i G {1, . . . , 1} 

Definition 2.26. The log pair (X,B X ) is a canonical model if 

• the divisor K x + B x is ample, 

• the log pair (X, B x ) has canonical singularities. 

It follows from Definition 12.231 that k(X,B x ) = dim(X) if (X, B x ) is canonical model. 

Definition 2.27. A log pair (Y,By) is a canonical model of the log pair (X, B x ) if 

• the log pair (Y, By) is a canonical model, 

• the log pairs (Y, By) and (X, B x ) are birationally equivalent. 

The log pair (X, B x ) does not have a canonical model if k(X,B x ) < dim(X). 
Theorem 2.28. A canonical model is unique whenever it exists. 
Proof. See [4, Theorem 1.3.20]. 

It follows from [2] that the following conditions are equivalent: 

• the log pair (X, B x ) has canonical model, 

• the equality k(X,B x ) = dim(X) holds. 
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3. Inequality I 

Let X be a surface, let O be a smooth point of X, let Ai and A2 be curves on X such that 

O e Ai n A 2 , 

both Ai and A2 are irreducible and reduced, both Ai and A2 are smooth at O, and Ai intersects 
the curve A2 transversally at O, let D be an effective Q-divisor on the surface X such that 

A x £ Supp(D) ^ A 2 , 
and let a\ and a 2 be non-negative rational numbers. Suppose that the log pair 

(x, D + a 1 A 1 + a 2 A 2 ) 

is not log canonical at O. Let A, B, M, N, a, (3 be non-negative rational numbers such that 

• the inequality aa\ + /3a 2 ^ 1 holds, 

• the inequalities A(B -1)^1^ max(M, N) hold, 

• the inequalities a(A + M - 1) ^ A 2 (B + D - 1)(3 and a(l - M) + A(3 ^ A holds, 

• either the inequality 2M + AiV ^ 2 holds or 

a(B + 1 - MB - N) + /3(A + 1 - AN - M) > AB - 1. 
Lemma 3.1. The inequalities A + M ^ 1 and -B > 1 holds. The inequality 
a(B + 1 - MB - AT) + + 1 - AN - M) ^ AB - 1 
holds. The inequality — iV) + Ba ^ £> holds. The inequalities 

q(2 - M) (3(2 - N) 
A+l + B+l ^ 
and a(2 - M)B + (3(1 - N)(A + 1) ^ B(A + 1) hold. 

Proof. The inequality i? > 1 follows from the inequality A(B — 1) ^ 1. Then 

a /? a /3 1 



A + l B + l A + l 2B 2 
because 2B ^ B + 1. Similarly, we see that A + M ^ 1, because 

a(A + M-l) 

and -B + D — 1 ^ 0. The inequality (3(1 — N) + Ba ^ B follows from the inequalities 

0(1 -N) 2-M (3(1 -N) 

because A + 1 ^ 2 - M. 

Let us show that the inequality 

a(2 - M)B + (3(1 - N) (A + l) ^ B(A + l) 

holds. Let L\ be the line in R 2 given by the equation 

x(2 - M)B + y(l - N)(A + 1) -B(A + 1) = 

and let L 2 be the line that is given by the equation 

x(l - N) + Ay - A = 0, 

where (x,y) are coordinates on M 2 . Then L\ intersects the line y = in a point 
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and L 2 intersects the line y = in a point (A/(l — M), 0). But 

A + l A 

< 



2-M 1-Af' 

which implies that a(2 - Af)B + (3(1 -N)(A + l)^ B(A + 1) if and only if 

A 2 p (B + N-l) > ao(A + M-l), 
where (ao,/3b) is the intersection point of the lines L\ and £2- But 

( A(A + l){B + N -1) B(A-1 + M)\ 



(«o, A)J 



A A y 

where A = 2AB - ABM -A + AM -1 + M + NA- NAM + N- NM. But 

A 2 (b(A-1 + M)\(B + N-1) > fi4(il + l)(J3 + JV-l))(>l + Af-l) 

because A(£ - 1) > 1, which implies that A 2 /3 (B + N - 1) ^ a (A + M - 1). 
Finally, let us show that that the inequality 

a(B + l- MB -N)+ 0{A + 1 - AN - M) > AB - 1 
holds. Let be the line in M. 2 given by the equation 

x(B + 1 - MB -N)+ yp(A + 1 - AN - M) - AB + 1 = 
and let L2 be the line that is given by the equation 

x(l- N) +Ay- A = 0, 
where (x,y) are coordinates on R 2 . Then L' x intersects the line y = in a point 

/ AB - 1 



5 + 1 - MB - iV 



,0 



and L 2 intersects the line y = in a point (-4/(1 — M),0). But 



AB — 1 yl 

< 



B + 1- MB-JV 1-M' 
which implies that a(B + 1 - MS - AT) + (3(A -f 1 - A/V - M) ^ AB - 1 if and only if 

A 2 (3 1 (B + N- 1) > ai(i4 + M-l), 

where (ai,/?i) is the intersection point of the lines L' x and L 2 . Note that 

/,4(AB-y4-2 + 7VA + M) A + 1-7vA-M\ 



A' ' A 



where A' = AB — 1 — ABM + AM + 2M - MM - M 2 . 
To complete the proof, we must show that the inequality 

A 2 (A + 1 - NA - M\ (B + N - 1) ^ (a(AB - A - 2 + NA + Af)) (A + M — 1) 
holds. This inequality is equivalent to the inequality 

(2 - M) (A + M - l) > A( AV + 2M - 2)(B + iV - l) , 
which is true, because M ^ 1 and AN + 2M - 2 ^ 0. 

The purpose of this section is to prove Theorem 11.31 Suppose that the inequalities 
multo (d ■ A^j < M + Aai - a 2 and mult (d ■ A 2 ) ^ N + Ba 2 - a\ 
hold. Let us show that this assumptions lead to a contradiction. 
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Lemma 3.2. The inequalities a\ > (1 - M)/A and a 2 > (1 - A r )/-B hold. 

Proof. If ai > 1, then ai > (1 — M)/A by Lemma IBTTl Suppose that oi ^ 1. Then the log pair 

(X, D + Ai + a 2 A 2 ) 
is not log canonical at the point O. Then it follows from Lemma 12,181 that 

M + Aai - a 2 ^ mult [d ■ AiJ > 1 - a 2 , 
which implies that a\ > (1 — M)/A. Similarly, we see that a 2 > (1 — N)/B. □ 
Lemma 3.3. The inequalities a\ < 1 and a 2 < 1 hold. 

Proof. The inequalities ai > (1 — M)/A and a 2 > (1 — N)/B hold by Lemma 13.21 But 

aai + /?a2 ^ 1) 

which implies that a\a < 1 — /3(1 — iV)/B and a 2 /3 < 1 - a(l - M)/A Then 

ai < 1 > a 2 , 

because — N) + i?a ^ B by Lemma 13. II and a(l — M) + A(3 ^ Aby assumption. □ 

Put mo = multo (-£>)• Then mo is a positive rational number. 
Lemma 3.4. The inequalities mo ^ M + Aai — a 2 and mo ^ iV + £>a 2 — a% hold. 
Proof. We have 

m < multo(-D • Ai) ^ M + j4oi - a 2 , 



which implies that mo ^ M + ^4ai — a 2 . Similarly, we see that mo ^ N + -Ba 2 — ai . □ 
Lemma 3.5. The inequality mo + a\ + a 2 ^ 2 holds. 

Proof. We know that mo + ai + a 2 ^ M + (j4 + l)ai and mo + at + a 2 ^ iV + (-B + l)a 2 . Then 

, v / a (3 \ aM pN aM (3N 
(mo + ai + a 2 ) . ■ - + — — - < aai + po 2 + + < 1 + + 



^ +1 T fi+ i^ uuiT ^ T i + r J B + i- %iT i + r5 + i' 

which implies that mo + a\ + a 2 ^ 2, because 

q(2 - M) g(2 -AQ 
A+l B+l " 

by Lemma 13. 11 □ 
Let it 1 : Xi — > X be the blow up of the point O, and let Fl be the 7Ti-exceptional curve. Then 
K Xl +D l +aiA} +a 2 A^ + (m + 01 + a 2 - l)Fi = ttJ (k x + -D + aiAi + a 2 A 2 Y 
where D 1 , A{, A| are proper transforms of D, Ai, A 2 on the surface Xi, respectively. The pair 

fe, D 1 + 01 Aj + a 2 A\ + (m + ai + a 2 - l)Fi) 
is not log canonical at some point 0\ G Fl. Note that mo + a\ + a 2 — 1 0. 
Lemma 3.6. Either Oi = Fl n A} or 0\ = F\V\ A\. 
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Proof. Suppose that Oi A} U A|. Then the log pair 

f X Xi D 1 + (mo + 01 + a 2 - l)Fi 

is not log canonical at the point 0\. Then 

m = D 1 ■ F x > 1 
by Lemma 12.181 because tuq + a\ + a 2 ^ 2 by Lemma 13.51 Then 



1 13 + Ba a + Af3 
m o\ ~T~Fi — 7 + 



AS - 1 AB 



-j < (M + A 01 - oa) ^-y + (JV + £a 2 - ax) -^-^ 



because mo ^ M + Aai — a 2 and mo ^ X + Ba 2 — a%. On the other hand, we have 

, , ,(3 + Ba ,„ ,a + A/3 , M/3 • .\//>'n • An • AY * 
(M + Aa x - a 2 ) + {N + Ba 2 - a,) < 1 + ^ P - , 

because aa\ + (3a 2 ^ 1 and AB — 1 > 0. But we already proved that mo > 1. Thus, we see that 

f3 + Ba + a + Aj3 ^ AB — 1 + Mf3 + MBa + Xa + AiV^, 
which is impossible by Lemma 13. 11 □ 
Lemma 3.7. The inequality 0\ ^ F\ H Aj holds. 
Proof. Suppose that 0\ ^ F\ n A}. Then the log pair 

Xi, D 1 + aiAj + (m + oi + a 2 - 

is not log canonical at the point 0\. Then 

M + Aax - a 2 - m = D 1 ■ A\ > 1 - (m + a x + a 2 - l) 

by Lemma 12.181 because ai < 1 by Lemma 13.31 We have ai > (2 — M)/(A + 1). Then 

2-Ma (3(1 - X) 
A + 1 H -g < aai + /3a 2 ^ 1, 

because a 2 > (1 — N)/B by Lemma [3731 Thus, we see that 

2-Ma 13(1 -N) 
A + 1 + B 

which is impossible by Lemma 13. 11 □ 

Therefore, we see that 0\ = F\ D A^- Then the log pair 

f X u D 1 + oiAj + a 2 A^ + (m + ai + a 2 - l)iq 

is not log canonical at the point 0\. We know that 1 ^ mo + a\ + a 2 — 1 ^ 0. 
We have a blow up n\ : Xl — > X. For any n G N, consider a sequence of blow ups 

Y Wn Y 7r "~ 1 ^ „ ^2 y 771 V 
Ji n *" *" • • • *- A 2 >- Ai >■ A 

such that 7Tj + i : Xj+i — > Xj is a blow up of the point Fi n A 2 for every i E {1, . . . , n — 1}, where 

• we denote by Fi the exceptional curve of the morphism 7Tj, 

• we denote by A 2 the proper transform of the curve A 2 on the surface Xj. 
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For every k G {1, . . . ,n} and for every i G {1, . . . , k}, let D k , A k and F k be the proper trans- 
forms on the surface X k of the divisors D, Ai and Fi, respectively. Then 

n / n— 1 \ 

K Xn + D n + ai A™ + a 2 A™ + I oi + ja 2 - j + J] F = vr* (jf* + D + oiAj + a 2 A 2 ) , 

i=l V j=0 / 

where ir = ix n o • • • o 7r 2 o 7Ti and mj = multo^Z) 1 ) for every i G {1, . . . , n}. Then the log pair 

(3.8) \X n , D n + fll A? + a 2 A^ + J^ai + ia 2 - * + £ m)j F^j 

is not log canonical at some point of the set F" U F% U • • • U F™. 
For every k G {1, . . . , re}, let us put O k = F k n A2 

Lemma 3.9. For every i G {1, . . . , re}, the inequalities 

i-l 

1 ^ ai + ia 2 — i + mj ^ 

hold, the log pair 13.81 is log canonical at every point of the set (F™ U F^ U • • • U F") \ O n . 
It follows from Lemma 13.91 that there is n G N such that 

n-l 

a\ + na 2 — n + rrij > 1, 
3=0 

which contradicts Lemma 13.91 Therefore, to complete the proof of Theorem 11.31 it is enough to 
prove Lemma 13.91 Let us prove Lemma 13.91 by induction on re G N. The case n = 1 is done. 
By induction, we may assume that re ^ 2. For every k G {1, . . . , n — 1}, we may assume that 

fc-i 

1 ^ a± + /ca 2 — A; + rrij ^ 0, 
i=o 

the singularities of the log pair 

^X k , D k + ai A k + a 2 A^ + ^ ^ai + ka 2 - k + F/^ 

are log canonical at every point of the set (F k U FJ? U • • • U Ft) \ O k and not log canonical at O k . 
Lemma 3.10. The following inequality holds: 

n-N 

a 2 > 



B + n-1 
Proof. The singularities of the log pair 

\X n - U D n - X + a 2 A k + \a x + (re - l)a 2 - (re - l) + J] m,j F%_ x J 
are not log canonical at the point O n _i. Then 

n-2 / n-2 

iV - Ba 2 - 01 - mj = D"" 1 • A™ -1 > 1 - [ 01 + (n - 1)02 - (n - 1) + J^mj 

by Lemma f2. 181 because a 2 < 1 by Lemma [3731 We have 

re - N 
B + n-1 
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which completes the proof. □ 

Lemma 3.11. The inequalities 1 ^ a\ + na 2 — n + Y^j=o m i ^ ^ hold. 

Proof. The inequality ai + na 2 — n + X^j=o m i ^ ^ follows from the fact that the log pair 

^sT n _ l5 D n ~ l + a 2 A k 2 + [ai + (n - l)a 2 - [n - l) + ™ij ^n-ij 

is not log canonical at the point O n -\. Suppose that a\ + na 2 — n + Y?j=o m j > 1- 
We have mo + a 2 ^ M + Aai by Lemma 13.41 Then 

n-l 

ai + nM + nAai — n ^ ai + na2 — n + nrriQ ^ a\ + na 2 — n + > 1, 



j=0 



which immediately implies that the inequality 

n + 1 - Mn 

°i > * ; — 

nA + 1 

holds. On the other hand, we know that the inequality 

n- N 

a 2 > 



B + n-l 

holds by Lemma 13.101 Therefore, we see that 

fa-M „\ A-l + M A-B-N n + l-Mn n n-N 

A~ +( 3 )+ a &( & ,n + 0-5-7 r = jii + ^TTT 7 < ° ai + ^ 2 X ' 

\ ^4 / A(An + 1) is + n — 1 + 1 B + n — 1 

where a(l — M)/^4 + j3 ^ 1. Therefore, we see that 

A + M-l B + N-l 
a A(An + l) < ° B + n-V 

where n ^ 2. But A + M > 1 and i? > 1 by Lemmas 13.21 and 13.31 Thus, we see that 

A(An + l) B + n-l 



a(A + M-l) /3(B + N-iy 
but A 2 (B + N - l)/3 < + M - 1) by assumption. Then 

A B-l fA 2 1 \ ^ S-l 



a(A + M-l) f3(B + N-l) \a(A + M-l) (5{B + M - 1) I a(A + M - 1) j3(B + N — 1 
which implies that /3A(B + N - 1) > a(£ - 1)(A + M — 1). Then 

a (A + M-l) ^ /3 ^ 4(i? + jV _ 1 ) >a (^_i)(A + M-l), 

because A 2 (,B + JV - < a(A + M - 1) by assumption. Then a ^ and 

A(B - 1) < 1, 

which is impossible, because A(B — 1) ^ 1 by assumption. □ 
Lemma 3.12. The log pair 13.81 is log canonical in every point of the set 



F n \(^F n nF r u)[j[F n nA^. 
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Proof. Suppose that there is a point Q € F n such that 

but the log pair 13,81 is not log canonical at Q. Then the log pair 

(^X n , D n + ^ai + na 2 -n + J2 F nj 

is not log canonical at the point Q as well. Then 

m ^ m n _i = D n ■ F n > 1 
by Lemma 12.181 because a\ + na 2 — n + Yl^=o m i ^ 1 by Lemma 13.111 Then 

(d + Ba a + Ad\ , r . .3 + Ba , T „ N a + A/3 

m - t + < (M + Aa\ - a 2 ) - A + (N + Ba 2 - ai) -, 

"\AB-1 AB-1J v ; AB-1 v MB-1' 

because mo ^ M + Aai — a2 and mo ^ iV + i?a2 — a\ by Lemma 13.41 We have 

, ,3 + Ba , ,a + A(3 M 8 + MBa + Na + AN 3 

because aa\ + /3a2 ^ 1 and AB — 1 > 0. But mo > 1. Thus, we see that 

3 + Ba + a + A3 < A£ - 1 + MB + MBa + iVa + 
which contradicts our initial assumptions. □ 
Lemma 3.13. The log pair 13.81 is log canonical at the point F n n F™_^. 
Proof. Suppose that the log pair 13.81 is not log canonical at F n n F™_ 1 . Then the log pair 

^X n , D n + + ( n - 1) 02 - (n - 1) + m i^j + ^i + na 2 -n + ^ m^ F n ^j 
is not log canonical at the point -F n n F^_^ as well. Then 

V i=o / 

by Lemma f2. 181 because a\ + (n — l)a2 — (n — 1) + X]j=o m i- Note that 

M + Aai - a 2 - m ^ multo (p ■ AiJ - m ^ £> • Ai - m = • Aj ^ 0, 
which implies that mo + a 2 ^ Aai + M . Then 

n-l 

nM + nAai — na2 ^ nmo ^ (n + l)mo — m n _i m n _2 — m n _i + ntj > n + 1 — a\ — na 2 , 

3=0 

which gives a\ > (n + 1 — nM) /(An + 1). The proof of Lemma [3.111 implies a contradiction. □ 
The assertion of Lemma 13.91 is proved. The assertion of Theorem 11.31 is proved. 
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4. Inequality II 

Let X be a surface, let O be a smooth point of X, let At be a linear system on X that does 
not have fixed components, let Ax be an irreducible and reduced curve on X such that 

O e Ai\Sing(A 1 ), 

let e and a± be rational numbers such that e > and a\ ^ 0. Suppose that the log pair 

' X, eM + aiAi 

is not terminal at the point O. To prove Theorem 11.81 we must prove that 

• the inequality 11.91 holds, which means 

fl-2oi , 
, N 2-^ifai>-l/2, 

multo ( Mi ■ M 2 J ^ < / 

V ' l^ifa^-1/2, 

v e z 

where Mi and M 2 are general curves in At, 

• if the inequality 11.91 is. actually, an equality, then 

— either — ax £ N and multo(At) = 2/e, 

— or ai = and multo (At) = 1/e. 

There is a birational morphism 7r : X — > X such that 

• the morphism ir is a sequence of blow ups of smooth points, 

• the morphism contracts m irreducible curves Ex, E 2 , ■ ■ ■ , E m to the point O, 

• the morphism ir induces an isomorphism 

m 

X \ (J Ei X \ O, 

i=l 

• for some rational numbers d%, d 2 , ■ ■ ■ , d m , we have 

m 

K x + eM + oiAi = vr* + eM + a\L\j + ^ (kE^ 

i=l 

where and Ai are proper transforms of A4 and Aj on the surface X , respectively, 

• the inequality d m ^ holds and 

— either the equality m = 1 holds, 

— or m ^ 2 and dj > for every i € {1, . . . , m — 1}. 

Lemma 4.1. Suppose that ai 0. Then m = 1. 

Proof. The required assertion is well-known and easy to prove. So we omit the proof. □ 
Let x : X — > X be a blow up of the point O, let .E be the exceptional curve of \. Then 
Kj c + eM + a% A x + ^emulto(At) + a\ - ijE = ir*(^K x + eM + aiAi 

where M and Ai are proper transforms of M and Ai on the surface X, respectively. 

Lemma 4.2. Suppose that m = 1. Then 

• the inequality 11.91 holds, 

• if the inequality 11.91 is. actually, an equality, then 

— either -ax G N and multo (At) = 2/e, 

— or ax = and multo (At) = 1/e. 
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Proof. We have tt = % and d\ = \ — emulto (At) — a\ ^ 0. Hence, we have 



2 



mult (Mi • Ml J ^ mult|>(At) ^ ^ — ^ max ( A , — ^ J , 

which implies the inequality 11.91 Moreover, if the inequality 11.91 is equality, then 

• either a% = —1 and multo(At) = 2/e, 

• or a\ = and multo (At) = 1/e, 

which completes the proof. □ 
Let us prove Theorem 11.81 by induction on m. We may assume that m ^ 2. Then ai < and 

fx, aiAi + eAt + (emult (At) + a\ - l^EJ 

is not terminal at some point Q £ E. Note that rfi = 1 — emulto (At) — a\. 

Let Mi and M 2 be proper transforms of M\ and M2 on the surface X, respectively. Then 



multo [Mi ■ M 2 j ^ multp (At) + multg (Mi ■ M 2 J , 
where multo (At) ^ 1/e. But di = 1 — emulto (At) — a\ ^ and the log pair 

(X, e.M + (emulto (M) + a 1 -l)E) 



is not terminal at the point Q as well. By induction, we have 

' 3 - 2emult (At) - 2a x 



(4.3) multg (Mi ■ M 2 ) > < 



^2 



if emulto (At) +01 ^ 1/2, 

4 - 4emulto(At) - 4ai , s 
Y — ' if emulto (At) + 01 < 1/2, 



e 

and if the inequality 14.31 is an equality, then 

• either -a x - emult (At) + 1 G N and multg (Mi) = multg (M 2 ) = 2/e, 

• or emulto (At) + a± = 1 and multg(Mi) = multg(M 2 ) = 1/e. 

Lemma 4.4. Suppose that emulto(At) + a\ ^ 1/2. Then 

• the inequality 11.91 holds. 

• if the inequality 11.91 is. actually, an equality, then 

- either -a\ G N and multo (At) = 2/e, 

— or a\ = and multo (At) = 1/e. 

Proof. Then a x < 1/2 - emulto (At) < -1/2 and 

, /„, 9 / k j\ 4 - 4emult ( At) - 4ai -4ai / , , k ^ 2V -4a 
multo ( M r M 2 ) ^mult|(At) + ^ — * = multo (At) — > 



e^ e* y el e z 

which implies the inequality 11.91 Moreover, if the inequality 11.91 is an equality, then 

/ \ 2 
multo (At) = -, 

and the inequality 14.31 is an equality as well. By induction, we see that 

-01 - 1 = -ai - emulto (At) + 1 G N, 
which implies that —01 G N. □ 
Thus, to complete the proof of Theorem 11.81 we may assume that emulto (At) + a\ ^ 1/2. 
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Lemma 4.5. Suppose that a\ —1/2. Then 

• the inequality 11.91 holds, 

• the inequality 11.91 is not an equality. 

Proof. It follows from emulto(-M) + a\ ^ 1/2 and a\ ^ —1/2 that 

/ \ 9/ n 3 - 2emult (A4) - 2ai 2 - 2ai 
multo ( Mi ■ Mi ) ^ mult 2 . + ^ — * ^ 



which completes the proof. 

Thus, to complete the proof of Teorem 11.81 we may assume that a\ ^ —1/2. Then 

, / „ , \ , 9 ( , . 3 - 2emulto(A / () - 2ai 9/4 - cti + a? -4ai 
multo (Mi • Ma J > multf>(A4) + ^ — '- > -£ -± x - > 

because multo(-M) ^ (1/2 — a\)/e, which implies the inequality 11.91 
Lemma 4.6. The inequality 11.91 is not an equality. 

Proof. Suppose that the inequality 11.91 is an equality. Then a\ = —3/2 and 

, \ (1/2 -oi) 
multo [M) = — 

which implies that multo (-M) = 2/e. The inequality 14.31 must be an equality as well. Then 

- = emulto(A^) + ai = 1 
by induction, which is a contradiction. 

Thus, the assertion of Theorem 11.81 is proved. 

5. Orbifolds 

Let X be a Fano variety with at most quotient singularities. The number 

the log pair (x, XD^j is log canonical 1 
for every effective Q-divisor D = —Kx J 
is called the global log canonical threshold of the Fano variety X (cf . Definition IA.23j) . 
Theorem 5.1. The variety X admits an orbifold Kahler-Einstein metric if 

lct(X) > dim(X) . 
v ; dim(X) + 1 

Proof. See |35, H2|, B9 Appendix A]. 

The following result is proved in [22J. 
Theorem 5.2. Let X be a hypersurface in P(l, 1, 2, 3) of degree 6. Then 

lct(X) > | 

if the set Sing(X) consists of Du Val singular points of type A3. 



lct(X) = sup < X G 
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Proof. Suppose that the set Sing(X) consists of Du Val singular points of type A3. Put u = 5/6. 
Suppose that lct(X) < u. Then there is an effective Q-divisor D on the surface X such that 

D = -K x , 

and the log pair (X, coD) is not log canonical at some point PgI. 

Let C be the curve in | — Kx | such that P € C. Then C is irreducible, and the log pair 

(X,uC) 

is log canonical. By Remark 12.61 we may assume that C (jL Supp(-D). 

The surface X must be singular at the point P, because otherwise we have 

1 = Kl = C ■ D ^ multp(D) > 1/uj = - > 1. 

5 

Let tt : X — > X be a birational morphism such that 

• the morphism tt contracts three irreducible curves E\, E 2 , E 3 to the point P £ X, 

• the morphism tt induces an isomorphism 



X \ [E x U E 2 U E 3 j ^ X \ P, 

• the surface X is smooth along the curves Ex, E2, E 3 . 
We have E\ = E\ = E$ = -2. We may assume that E x ■ E 3 = and E x ■ E 2 = E 2 ■ E 3 = 1. 
Let C be the proper transform of the curve C on the surface X. Then the equivalence 

C = tt* (C) -E 1 -E 2 -E 3 
holds. Let D be the proper transform of D on the surface X. Then 

D = tt* (D) - ai Et - a 2 E 2 - a 3 E 3 , 
where ai, a 2 and 03 are positive rational numbers. Then 

( l-ax-a 3 = D-C^0, 



2ai 


- a 2 


= D 


■Ei^O, 


2a 2 


- ai 


- a 3 


= D-E 2 ^0, 


k 2a 3 


- a 2 


= D 


■E 3 ^0, 



which gives 1 ^ a\ + a 3 , 2a\ ^ a 2 , 3a 2 ^ 203, 203 ^ a 2 , 3a 2 ^ 2a\, a\ ^ 3/4, a 2 ^ 1, a 3 ^ 3/4. 
It follows from the equivalence 

K x + D + a x E x + a 2 E 2 + a 3 E 3 = n* (k x + £>) 

that there is a point Q £ E\ U E 2 U E 3 such that the log pair 

X, D + a x Ei + a 2 E 2 + a 3 E 3 

is not log canonical at the point Q, because (X, D) is not log canonical at P £ X. 

Suppose that Q G £1 and Q ^ E 2 . Then (X,D + £1) is not log canonical at Q. Then 

2ai - a 2 = D ■ E% ^ mult Q (p ■ £i) > 1 

by Lemma 12.181 Therefore, we see that 

4 2 
1 ^ > 2ai - -ai ^ 2ai - a 2 > 1, 

which is a contradiction. 

Suppose that Q £ E 2 and Q E\\J E 3 . Then (X, D + E 2 ) is not log canonical at Q. Then 

2a 2 - ai - a 3 = £> • E 2 ^ multn f D ■ E 2 ) > 1 
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by Lemma 12.181 Therefore, we see that 

02 0,2 

1 > a 2 = 2a 2 - "2 ^ ^ 2a 2 - ai - a 3 > 1, 

which is a contradiction. 

We may assume that Q = E\ n £2- Then (X, l) + ai£i + a 2 E 2 ) is not log canonical at Q. But 

Ol + y < 01 + 03 < 1, 

because 2a3 ^ 02- Hence, we can apply Theorem 11.31 to the log pair 

'X, D + axEx + a 2 ^2 N 



with M = N = 0, A = 2, B = 3/2, a = 1 and (5 = 1/2. Thus, we have 

2a 2 - ai - a 3 = multo^-D • E^j > ^a 2 - ai, 

because D ■ E\ = 2a\ — a 2 . Then 02 > 20.3, which is a contradiction, because 2a 3 ^02- D 

The following result is proved in [22J. 
Theorem 5.3. Let X be a singular hypersurface in P(l, 1, 2, 3) of degree 6. Then 

lct(JT) = | 

if the set Sing(X) consists of Du Val singular points of type A4. 

Proof. Suppose that the set Sing(X) consists of Du Val singular points of type A4. 

Let P be a point of the set Sing(X), and let tt: X — ► X be a birational morphism such that 

• the morphism tt contracts four irreducible curves E±, E 2l E3, E4 to the point Pel, 

• the morphism 7r induces an isomorphism 

x \ (e± u e 2 u e 3 u eA ^ X \ P, 

• the surface X is smooth along the curves E\, E 2 , _E 3 , E4. 
We have E\ = E\ = E\ = E\ = — 2. We may assume that 

E\ ■ E% = E\ ■ E4. = Ei ■ E4. = 0, 

and E\ • E2 = E 2 • E 3 = E 3 ■ E4. = 1. 

There exists a unique smooth irreducible curve Z <Z X such that 

7r(Z) 2ifx 

and £ 2 n £3 G Z. Put a; = 4/5 and Z = ir(Z). Then 

Z ~ 7r* I — 2Kx ) — E\ — 2E2 — 2E3 — E4, 



which implies that (X,uZ) is log canonical and not log terminal. Then lct(X) ^ u>. 

Suppose that lct(X) < to. Then there is an effective Q-divisor D on the surface X such that 

D = -K x , 

and the log pair (X,lvD) is not log canonical at some point Oel. 

By Remark 12.61 we may assume that Z (£ Supp(-D), because Z is irreducible. 
Arguing as in the proof of Theorem 15.21 we see that we may assume that O = P. 
Let D be the proper transform of D on the surface X . Then 

D = tt*(D) - a%Ei - a 2 E 2 - a 3 E 3 - a 4 E A , 
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where ax, a 2 , a 3 and 04 are positive rational numbers. Then it follows from the equivalence 

Kx + D + ai-Bi + a 2 E 2 + a 3 £ 3 + a 4 £ 4 = vr* (if* + DJ , 

that there is a point Q £ Ex U E 2 U E 3 U E4 such that the log pair 

X, D + a\Ex + a 2 -E 2 + 03^3 + 04-^4) , 

is not log canonical at the point Q, because (X, D) is not log canonical at P € X. 

Let C be the curve in | — Kx\ such that P € C. Then C is irreducible, and the log pair 

(X, ujC) 

is log canonical. By Remark 12.61 we may assume that C <jL Supp(-D). 

Let C be the proper transform of the curve C on the surface X. Then the equivalence 

C = n* (C) - E x - E 2 - E 3 - E 4 
holds. Note that D ■ C ^ 0. Thus, we have 

1 - ax - a 4 = D ■ C ^ 0, 
which implies that 04+04 ^ 1. Similarly, we see that 

' 2oi - a 2 = D ■ Ei > 0, 
2a 2 - ax - a 3 = D ■ E 2 > 0, 
2a 3 - a 2 - a4 = D • E 3 ^ 0, 
2a 4 - a 3 = 5 • E 4 > 0, 
which implies that 04 ^ 4/5, 02 ^ 6/5, a 3 ^ 6/5 and 04 ^ 4/5. Thus, we see that 

LC§(X, D + aiEx + a 2 E 2 + a 3 E 3 + a 4 £ 4 ) = {Q}, 

by Theorem 12. 16| because to < 5/6. Similarly, we see that 

4 2 wa 2 
^ai + -= a 2 = uai + — - ^ 1. 

5 5 2 

Suppose that Q 6 E4 and Q $l E 2 . Then (X,D + Ex) is not log canonical at Q. Then 

2ax-a 2 = D ■ Ex^ multg (l) • £4) > 1 

by Lemma 12.181 Therefore, we see that 

5 3 
1 ^ t«i ^ 2ai — -ai ^ 2ai — 02 > 1, 

which is a contradiction. 

Suppose that Q £ E 2 and Q £ ExLl E3. Then 

2a 2 - ax - a 3 = D ■ E 2 ^ multg • E 2 J > 1 

by Lemma 12.181 Therefore, we see that 

5 a 2 2 

1 > ~a 2 ^ 2a 2 - — - -a 2 ^ 2a 2 - ax - a 3 > 1, 

6 2 6 

which is a contradiction. 

Suppose that Q = Ex C\ E 2 . Then we can apply Theorem 11.31 to the log pair 



(^X, ujD + uiaxEx + ua 2 E 2 
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with M = N = 0, A = 2, B = 3/2, a = 1 and f3 = 1/2. Thus, we have 

2a2 — a\ — a 3 = multo (d ■ E2) > -02 — a\, 



2 

because D ■ E\ = 2a\ — a 2 . Then a 2 > 2a 3 , which easily leads to a contradiction. 
To complete the proof, we may assume that Q = E 2 n E 3 . Then the log pair 



X, ujD + uoa 2 E 2 + UHI3E3 

is not log canonical at the point Q. Then 

1 / - \ 5 

2a 2 - -02 - a 3 ^ 2a 2 - a\ - a 3 = D ■ E 2 ^ multg \D ■ E 2 J > - - a 3 , 

by Lemma 12.181 Similarly, we see that 

2a 3 - a 2 - a 4 = D ■ E 3 ^ mult Q [p ■ E 3 ^j > ^ - a 2 , 

which implies that a 2 > 5/6 and a 3 > 5/6. 

Let £ : X — > X be a blow up of Q, let E 1 be the exceptional curve of £, and let -D be the proper 
transform on the surface X of the divisor D. Put m = multg(-D). Then 

D = C{D) -mE. 

Let Ei, E 2 , E 3 , E4 be the proper transforms on X of E%, E 2 , E 3 , E4,, respectively. Then 
K x + ojD + uja 2 E 2 + u;a 3 E 3 + (uja 2 + ua 3 + a;m — 1^ E = £* (^K x + u ^ + wa%E% + uja^E^ , 
which implies that there is a point R £ E such that the pair 

^X, loD + u>a 2 E 2 + uia 3 E 3 + ^02 + wa 3 + umultg (-D) — 1^ E 1 ^ 

is not log canonical at the point R. 

Let Z be the proper transform on X of the curve Z . Then 

^ Z ■ D = 2 — a 2 — a 3 — mult<g (i)) = 2 — a 2 — a 3 — m, 

which implies that m + a 2 + a 3 ^ 2. In particular, we see that the inequality 

3 

coa 2 + UJCL3 + com — 1 ^ 2u> — 1 ^ - 

5 

holds. Thus, we see that 

LCS^X,^!) + W02-E2 + wa 3 £ 3 + (uja 2 + uxi 3 + wmultg(l)) - lj-EJ = {R} 

by Theorem 12.161 Similarly, we see that 

I 2a 3 — a 2 — 04 — m = E 3 ■ D 0, 
I 2a 2 — ai — a 3 — m = E 2 ■ D 0, 

which implies that E ■ D = m ^ 1/2. 

Suppose that Q E 2 U i? 3 . Then the log pair 

I X, u;l) + (uja 2 + wa 3 + ujuwHq [D) - 1 J E I 



is not log canonical at the point i?. Then 



>I^m = I).£^ mult /j (£>•£) > 
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by Lemma 12.181 The obtained contradiction shows that either R = E2 D E or R = E3 n E. 
Without loss of generality, we may assume that R = 2?2 H E. Then the log pair 

^X, ujD + ioa^E^ + |wa 2 + Loa^ + cjmultg (£>) — 1^ E^ 

is not log canonical at the point R. Hence, it follows from Lemma 12.181 that 

56 4 ~ / ~ \ 5 

- — a,2 > - — (12 = 2 — - — 02^2 — 02 — CL3 ^ m = D ■ E ^ mult^ ( D ■ E ) > - — 0,2, 

4 5 5 V / 4 

because m + 02 + 03 ^2. The obtained contradiction concludes the proof. □ 

The following result is proved in [9]. 
Theorem 5.4. Let X be a quasismooth hypersurface in P(ll, 21, 29, 37) of degree 95. Then 

ict(x) = H. 

Proof. We may assume that X is defined by the quasihomogeneous equation 

t 2 y + tz 2 + xy 4 +A = 0C Proj (c [x, y, z,t]\ 

where wt(ar) = 11, wt(y) = 21, wt(z) = 29, wt(i) = 37. 

Let O x be the point on X that is given by y = z = t = 0. Then O x is a singular point of type 

— (5,2) 
11*. > </ 

of the surface X. Let us define singular points O y , O z and Ot of the surface X in a way similar 
to the way we defined the point O x . Then O y , O z and Ot are singular points of types 

1(1,2), 1(11,21), 1(11,29) 

of the surface X, respectively. 

Let C x be the curve that is cut out on X by the equation x = 0. Then 

C x = L x t + R x , 

where L xt and R x are irreducible reduced curves on the surface X such that L xt is given by 
the equations x = t = 0, and the curve i? x is given by the equations x = yt + z 2 = 0. We have 



let 



which implies that lct(X) ^ 11/4. 

Let (7^ be the curve that is cut out on X by the equation y = 0. Then 

where L yz and i?^ are irreducible reduced curves on the surface X such that L yz is given by 
the equations y = z = 0, and the curve R y is given by the equations y = zt + x 6 = 0. 
Let C 2 be the curve that is cut out on X by the equation z = 0. Then 

Cz = Lj, 2 + ii 2 , 

where R z is an irreducible reduced curve that is given by the equations z = xy 3 + 1 2 = 0. 
Let Ct be the curve that is cut out on X by the equation t = 0. Then 

Ct = L x t + 

where Rt is an irreducible reduced curve that is given by the equations t = y 4 + x 5 z = 0. 
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The intersection numbers among the divisors D, L x t, L yz , R x , R y , R z , Rt are as follows: 

1 2 18 

D ■ L T i = , D ■ R r = , D ■ R v = , 

7-29 7-37 v 29-37 

3 2 12 

D-L yz = - rr ^, D ■ R z = D Rt 



11-37 7-11 11-29' 

2 _ 6 2 _ 4 

— , Ly Z ■ Ry = — , Ly Z • i? 2 = — , " it* = ~ , 



,2 _ 47 2 _ 52 2 _ 48 



xt 21-29' x 21-37' y 29-37' 
n 45 2 16 2 104 



v * 11-37' 2 11-21' * 11-29' 
We have L xt n R x = {O y }, L yz D R y = {O t }, L yz Pi R z = {O x }, L xt n R t = {O z }. We have 

min (kt (x, i-C^ , let (x, , let (x, Ac t J j > ^. 

Put lj = 11/4. Suppose that lct(X) < u. Then, there is an effective Q-divisor 

D = -K x 

such that the log pair (X,ujD) is not log canonical at some point P € X. 

By Remark 12.61 we may assume that the support of the divisor D does not contain at least 
one component of each divisor C x , C y , C z , Ct- The inequalities 

2i(d- L xt ) = — < — > — = 21 ( D ■ R x ) 
V xt J 29 11 37 V x ) 

imply that P ^ O y . Similarly, we see that P ^ O x . The inequalities 

imply that P ^ O z , because the curve Rt is singular at O z , and its orbifold multiplicity at 
the point O z equals to 4. 

Put D = mL x t+Q, where m is a non-negative rational number, and 0, is an effective Q-divisor 
whose support does not contain L x t- Then m ^ 4/11, because the log pair (X,u>D) is log canon- 
ical at the point O y . Then 

3 + 47m 4 



D — mL r f ) • L T t = ^ 

xtj xt 21-29 11 

which implies that P € L x t by Lemma 12.181 Similarly, we see that either P = Ot or 

p £C x uc y uc z u c t . 

Suppose that P ^ Ot- Let C be the pencil that is cut out on X by the equation 

Xyt + fiz 2 = 0, 

where [A : fi] € P . The base locus of the pencil C consists of the curve L yz and the point O y . 
Let E be the unique curve in £ that passes through P. Then E is cut out on X by 

z 2 = ayt 

for some non-zero a € C, because P C x U C y U C z U C t . 

Suppose that a^-1. Then E is isomorphic to the curve defined by the equations 

yt — z 2 = t 2 y + xy 4 + x e z = 0, 



2S 
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which implies that E is smooth at the point P. Moreover, we have 

E = L yz + C, 

where C is an irreducible and reduced curve. Then P € C . We have 

169 

D ■ C = D ■ E — D ■ L vz = , 

v 7-11-37 

and C 2 > 0. Ar guing as above, we obtain a contradiction with Lemma 12.181 

Suppose that a = — 1. Then E = L yz + R x + M, where M is an irreducible and reduced 
curve, which is smooth at the point P. We have 

D ■ M = D ■ E - D ■ L vz -DRr ' ' ' 



yz - -a 7 . 11 . 37 > 

and M 2 > 0. Ar guing as above, we obtain a contradiction with Lemma 12.181 
Therefore, we see that P = Ot- Put 

D = A + aL yz + bR x , 

where a and b are non-negative rational numbers, and A is an effective Q-divisor whose support 
contains neither L yz nor R x . Then a > since otherwise we would obtain an absurd inequality 

^ = 37 D ■ L yz > mult 0t (L>) > — ■ 
Note that R y <f_ Supp(A), because a > 0. 

If b > 0, then is not contained in the support of D, and hence 

3 / \ 26 

D ■ L xt ^ b[R x ■ L xt = — , 



21 • 29 V *V 21 

which implies that b 3/58. Similarly, we have 

18 > 6a 6 multo t (-D) -a- 6 5a 4 

29 • 37 ~ ' y ^ 37 + 37 + 37 > 37 + 11-37' 

and hence a < 82/1595. One can easily check that the equality 

a t 3 45 6 

A • L,,, 7 = h a 

y 11-37 11-37 37 

holds. Similarly, one can easily check that the equality 

A • R x = h 6 

7-37 21-37 37 

holds. Thus, applying Theorem 11.31 to the log pair 



X, wA + ujaL yz + ujbR x 

with M = 3/11, A r = 2/7, A = 45/11, B = 52/21, a = 675/197 and (3 = 77/197, we see that 

24681 _ . A 

^ i = aua + (3u;b>l, 

which is a contradiction. □ 
Theorem 5.5. Let A be a quasismooth hypersurface in P(13, 14, 23, 33) of degree 79. Then 

lct(X) = §. 
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Proof. The surface X can be defined by the quasihomogeneous equation 

z 2 t + y 4 z + xt 2 + x 5 y = C Proj (c [x, y, z,t]), 



where wt(x) = 13, wt(y) = 14, wt(z) = 23, wt(i) = 33. 

Let us define points O x , O y , O z , Ot as in the proof of Theorem 15.71 Then O x , O y , O z , Ot are 
singular points of the surface X of types 

1(1,2), 1(13,5), 1(13,14), 1(14,23), 

respectively. 

Let C x be the curve that is cut out on X by the equation x = 0. Then 

C x — L> xz + Rxi 

where L xz and R x are irreducible reduced curves on the surface X such that L x t is given by 
the equations x = z = 0, and the curve R x is given by the equations x = y 4 + zt = 0. 
Let C y be the curve that is cut out on X by the equation y = 0. Then 

Cy = Lyt + Ry, 

where L yt and R y are irreducible reduced curves on the surface X such that L yt is given by 
the equations y = t = 0, and the curve R y is given by the equations y = z 2 + xt = 0. 
Let C z be the curve that is cut out on X by the equation z = 0. Then 

Cz = + -R z , 

where it^ is an irreducible reduced curve that is given by the equations z = x 4 y + 1 2 = 0. 
Let Ct be the curve that is cut out on X by the equation t = 0. Then 

Ct = Lj/t + Rt, 

where Rt is an irreducible reduced curve that is given by the equations t = x 5 + y 5 z = 0. 
The intersection numbers among the divisors D, L xz , Lyt, R x , R y , R z , Rt are as follows: 

4 - 4 16 



T 2 - 


43 


i?^ - 


40 


14-33' 


23-33' 




32 


flj = 


38 


13-23' 


13-33' 




20 










i L xz 


■ Rz = — 


13 • 14 




14 



33' 14-33' 23-33' 

Lyt -R y = ^, D-L yt = ^glg, D ■ R y = T l^, 

8 /? 2 - 95 r B - 5 



13-14 r 14-13 y 23 
D ■ Rt = . 23' Liy ■ Rx = L xz ■ R y = — , • = — . 
We have L X2 n ^ = {O t }, n i? z = {Oy}, ^ n R y = {O x }, L yt D R t = {O z }. Then 

let ( X, -C x ) = — < let fx, IcO = — < let fx, lc^ = — < let (x, —C z ) = — , 
V 13 V 32 V 14 V 8 V '25 7 10 \ '23 J 20' 

which implies, in particular, that lct(X) sj 65/32. 

Put uj = 65/32. Suppose that lct(X) < u. Then, there is an effective Q-divisor 

D = -K x 

such that the log pair (X,ujD) is not log canonical at some point P € X. 

By Remark l2.6l we may assume that Supp(D) does not contain at least one component of every 
curve C x , C y , C z and Ct- Arguing as in the proof of Lemma [5771 we see that P = Ot (see [9]). 

The curve L xz is contained in Supp(D), because otherwise we have 

/ \ 2 32 

mult 0t (£>) < 33 (D • L xz j = - < — , 
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which is a contradiction. Therefore, we see that R x <f_ Supp(D). Put 

D = A + aL xz + bR y , 

where a and b are non-negative rational numbers, and A is an effective Q-divisor whose support 
does contain the curves L xz and R y . Then 

16 - D . fil ^(w fil U m "' to -l p) - a >^+ 32 



23-33 V M x / 33 33 33-65' 

which implies that a < 304/4485. If 6 ^ 0, then (£ Supp(D) and 

-±- = D-L yt ^b{R y -L yt ) = 2 ^ 

which implies that b ^ 2/23. We know that the equality 

(. \ 4 43 , 
33{A. L xz )=- + a--b 

holds. Similarly, we know that the equality 

33(A-R y )=^ + b? 8 



13 23 



holds. Thus, putting M = 4/14, N = 8/13, A = 43/14, B = 38/23 a = 700771/301108 and 

69069 



150554' 

and applying Theorem 11.31 to the log pair (X, uA + u>aL xz + u>bR y ), we see that 

66727051 _ , , 

= auja + pujb > 1, 

166211616 

which is a contradiction. □ 
Theorem 5.6. Let X be a quasismooth hypersurface in P(ll, 17, 24, 31) of degree 79. Then 

lct(X) . ». 

Proof. The surface X can be defined by the quasihomogeneous equation 

t 2 y + iz 2 + xy 4 + A = 0C Proj (C [x, y, z,t]j, 

where wt(x) = 11, wt(y) = 17, wt(z) = 24, wt(i) = 31. 

Let us define points O x , O y , O z , Ot as in the proof of Theorem 15.71 Then O x , O y , O z , Ot are 
singular points of the surface X of types 

^-(2,3), 1(1,2), 1(11,17), 1(11,24), 

respectively. 

Let C x be the curve that is cut out on X by the equation x = 0. Then 

C x = L x t + R x , 

where L x t and R x are irreducible reduced curves on the surface X such that L x t is given by 
the equations x = t = 0, and the curve R x is given by the equations x = yt + z 2 = 0. 
Let C y be the curve that is cut out on X by the equation y = 0. Then 

C y -Lyz -^"y: 

where L yz and R y are irreducible reduced curves on the surface X such that L yz is given by 
the equations y = z = 0, and the curve R y is given by the equations y = zt + x 5 = 0. 
Let C 2 be the curve that is cut out on X by the equation z = 0. Then 

C2 = Ly 2 + R z , 
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where R z is an irreducible reduced curve that is given by the equations z = xy 3 + 1 2 = 0. 
Let C% be the curve that is cut out on X by the equation t = 0. Then 

Ct = L xt + Rt, 

where Rt is an irreducible reduced curve that is given by the equations t = y 4 + x 4 z = 0. 
The intersection numbers among the divisors D, L x t, L yz , R x , R y , R z , Rt are as follows: 

1 



D ' L T + — , D • R T — , D • R qi 

• Li ^17* x i t qi ' y 



6-17' 17-31' y 6-31' 

4 „ „ 8 „ „ 2 



D-L vz = , D-R z = , D-Rt 



11-31' 11-17' 3-11' 

^•^ = ^, V-^ = ^ L yz -R z = ^, L xt -R t = ^ 

T 2 _ 37 2 _ 40 2 _ 35 



'*t 17.24' x 17-31' y 24-31' 
T 2 38 2 _ 14 2 10 

1101' 2 11 17' 5 



2/2 11-31' 2 11-17' * 3- 11' 
We have L xt n R x = {O y }, L yz n Ry = {O t }, L yz D R z = {O x }, L xt n Rt = {O z }. Then 

let (x, i-C,) = ^ < maxflct (x, ^C^j , let (V, ^c)j , let (V, 

which implies, in particular, that lct(X) ^ 33/16. 

Put lo = 33/16. Suppose that lct(X) < to. Then, there is an effective Q-divisor 

D = -K X 

such that the log pair (X,ojD) is not log canonical at some point P € X. 

By Remark 12 .61 we may assume that Supp(D) does not contain at least one component of every 
curve C x , C y , C z and Ct- Arguing as in the proof of Lemma \577\ we see that P = Ot (see [9]). 

The curve L yz is contained in Supp(D), because otherwise we have 

4 16 
31{D ■ L yz ) = — < 



11 33 



which is a contradiction. Therefore, we see that R y <f_ Supp(D). Put 

D = A + aL yz + bR x , 

where a and b are non-negative rational numbers, and A is an effective divisor whose support 
does not contain the curves L yz and R x . Then it follows from the inequality 

' I) • /..,, , • b(R x • Lj lh 



6-17 V V 17 

that b ^ 1/12. On the other hand, we have 

5 „ „ 5a b multo, (D) — a — b 4a 16 
= D ■ R v ^ 1 1 <^t\_> > 1 

6-31 y 31 31 31 31 31-33 

which implies that a < 23/264. We know that the equality 

31 (A ■ L vz ) = — + a— - b 
V yz J 11 11 

holds. Similarly, we know that the equality 

3l(A-R^=-^ + b^-a 
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holds. Thus, applying Theorem 11.31 to the log pair 

X, u>A + u)aLy Z + ujbR x 

with M = 4/11, N = 8/17, A = 38/11, B = 40/17, a = 1444/453 and = 187/453, we see that 

6221 O . , 

— = aua + Pub>l l 

which is a contradiction. □ 
Theorem 5.7. Let X be a quasismooth hypersurface in P(13, 17, 27, 41) of degree 95. Then 

ictw = £. 

Proof. The surface X can be defined by the quasihomogeneous equation 

z 2 t + y A z + xt 2 + x 6 y = o(c[x, y, z, t] 

where wt(x) = 13, wt(y) = 17, wt(z) = 27, wt(t) = 41. 

Let us define points O x , O y , O z , O t as in the proof of Theorem 15.71 Then O x , O y , O z , O t are 
singular points of the surface X of types 

1(1,2), 1(13,7), 1(13,17), 1(17,27), 

respectively. 

Let C x be the curve that is cut out on X by the equation x = 0. Then 

C x — L xz -\- R x , 

where L xz and R x are irreducible reduced curves on the surface X such that L x t is given by 
the equations x = z = 0, and the curve R x is given by the equations x = y 4 + zt = 0. 
Let C y be the curve that is cut out on X by the equation y = 0. Then 

Cy = Lyt + Ry, 

where L yt and R y are irreducible reduced curves on the surface X such that L yt is given by 
the equations y = t = 0, and the curve R y is given by the equations y = z 2 + xt = 0. 
Let C z be the curve that is cut out on X by the equation z = 0. Then 

Cz = L X z + -R z , 

where is an irreducible reduced curve that is given by the equations z = t 2 + x 5 y = 0. 
Let Ct be the curve that is cut out on X by the equation t = 0. Then 

Ct = Lj/t + Rt, 

where Rt is an irreducible reduced curve that is given by the equations t = x 6 + y 5 z = 0. 
The intersection numbers among the divisors D, L xz , L y t, R x , R y , R z , Rt are as follows: 

3 „ „ 1 „ „ 4 



D ■ L xz — — — — , D ■ Lyt — - — — , D ■ R x 



17-41' y 9-13' 9-41' 

6 6 2 

D '^ = 13^4T' ^'^=1307' D ' Et= 347 1 

2 55 2 . 37 2 _ 56 2 _ 48 2 _ 28 



17. 41' y i 13-27' x 27-41' y 13-41' z 13-17 
2 16 _ 4 2 2 2 

Rt = q 7^ ' ' Rx = -TT, Lyt ■ Ry = — , 1^2 • — — , ' Rf 



^ ; ^ 7 y y 12 17 y Q 

We have L xz HR X = {O t }, L xz D R z = {O y }, L yt n R y = {O x }, L yt Pi R t = {O z }. Then 
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which implies that lct(X) sC 65/24. 

Put lo = 65/24. Suppose that lct(X) < u. Then, there is an effective Q-divisor 

D = -K x 

such that the log pair (X, ojD) is not log canonical at some point P € X. 

By Remark 12 .61 we may assume that Supp(D) does not contain at least one component of every 
curve C x , C y , C z and Ct- Arguing as in the proof of Theorem 15.71 we see that P = Ot (see [9]). 

The curve L xz is contained in Supp(L>), because otherwise we have 

24 / \ 3 24 

-<^lt 0t (D)^4l(D.L xz )=-<-, 

which is a contradiction. Then R x (£ Supp(-D). Put 

D = aL xz + bRy + A, 

where a and b are non-negative rational numbers, and A is an effective Q-divisor whose support 
does not contain the curves L xz nor R y . Then 

4 - D . il) ^.«,n^P^> 3s 24 



9-41 V xz X J 41 41 41 -65' 

which implies that a ^ 44/585. If b ^ 0, then 

J— = D-L yt >b[RyL yt )=^, 

which implies that b ^ 1/18. We know that the equality 

(. \ 3 55 , 
4l(A-L^J = — + a— -b 

holds. Similarly, we know that the equality 

\ v ) 13 41 
holds. Thus, applying Theorem 11.31 to the log pair 

X, wA + LoaL xz + ubRy 

with M = 6/13, N = 3/17, A = 48/41, B = 55/17 a = 29952/19505 and j3 = 5729/19505, we get 

306379 , „ 

= atob + puja > 1, 

1053270 

which is a contradiction. □ 
Theorem 5.8. Let X be a quasismooth hypersurface in P(14, 17, 29, 41) of degree 99. Then 

ict(x) = 51 

Proof. The surface X can be defined by the quasihomogeneous equation 

t 2 y + tz 2 + xy 5 + x 5 z = C Proj (c [x, y, z,t]^j, 

where wt(x) = 14, wt(y) = 17, wt(z) = 29, wt(i) = 41. 

Let us define points O x , O y , O z , Ot as in the proof of Theorem 15.71 Then O x , O y , O z , Ot are 
singular points of the surface X of types 

1(3,13), 1(12,7), 1(11,17), 1(14,29), 

respectively. 

Let C x be the curve that is cut out on X by the equation x = 0. Then 

C x = L x t + R x , 
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where L x t and R x are irreducible reduced curves on the surface X such that L x t is given by 
the equations x = t = 0, and the curve R x is given by the equations x = yt + z 2 = 0. 
Let C y be the curve that is cut out on X by the equation y = 0. Then 

Cy Ly Z + Ry, 

where L yz and R y are irreducible reduced curves on the surface X such that L yz is given by 
the equations y = z = 0, and the curve Ry is given by the equations y = zt + x 5 = 0. 
Let C*. be the curve that is cut out on X by the equation z = 0. Then 

C z = L yz + R z , 

where R z is an irreducible reduced curve that is given by the equations z = xy 4 + t 2 = 0. 
Let Ct be the curve that is cut out on X by the equation t = 0. Then 

Ct = L x t + -Rti 

where Rt is an irreducible reduced curve that is given by the equations t = y 5 + x A z = 0. 
The intersection numbers among the divisors D, L x t, L yz , R x , R y , R z , Rt are as follows: 

2 4 10 

D ' L *' = 17^29' D ' Rx= rT4i> D "^ = 29T41' 

£> • L yz = — D R Z = ^^, D-R t 



7-41' z 7-17' 7-29' 

Lxt ' Lt x — — , Ly Z ■ Ry — -^j- , Ly Z ■ R z — — , L x t • Rt — , 
T 2 __ 44 2 __ 54 2 _ 60 



*t 17-29' x 17-41' y 29-41' 
T 2 _ 53 2 1^ t?2 135 

-tA/r — — ~ — ; — , it, — — — — , Hi 




yz 14-41' 2 7-17' * 14-29' 
We have L xt n R x = {O y }, L yz n R y = {O t }, L yz n R z = {O x }, L xt n R t = {O z }. Then 

let (x,^C y 

which implies that lct(X) ^ 51/10. 

Put uj = 51/10. Suppose that lct(X) < u. Then, there is an effective Q-divisor 

D = -K x 

such that the log pair (X,ujD) is not log canonical at some point P € X. 

By Remark 12.61 we may assume that Supp(-D) does not contain at least one irreducible com- 
ponent of every curve C x , C y , C z and Ct- 

Arguing as in the proof of Theorem 15.71 we see that P = Ot- Put 

D = aL yz + bR x + A, 

where a and b are non-negative rational numbers, and A is an effective Q-divisor whose support 
contains neither L yz nor R x . Then a > 0, because otherwise we have 

~=4i(l>-L^) ^mult 0t (£>) > ^, 

which is a contradiction. Then R y (jL Supp(A). If b > 0, then 

2 / \ 2b 

= D ■ L xt > b[R x ■ L xt = —, 

17-29 V J 17 

which implies that b ^ 1/19. Similarly, we see that 

10 _ 5a b multot (D) - a - b 4a 4 

29^41 ^41 + 41 + 41 > 41 + 21741' 
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which implies that a < 47/1218. We know that the equality 

4l(A-v)=A + a |_ 6 

holds. Similarly, we know that the equality 

/ \ 4 54 
41^) = - + (,--„ 

holds. Thus, applying Theorem 11.31 to the log pair 

X, to A + LuaLyz + uobR x 

with M = 1/7, N = 4/17, A = 53/14, B = 54/17, a = 2809/874 and (3 = 119/437, we see that 

2414323 „ , „ 

= auja + pujb > 1, 

3548440 

which is a contradiction. □ 

It should be pointed out that singular del Pezzo surfaces that satisfy the hypotheses of The- 
orems 15. 2| 15.31 \5A\ 15.51 15.71 15.81 admit a Kahler-Einstein metric by Theorem 15.11 

6. ICOSAHEDRON 

Fix embeddings A 5 = G\ C Aut(P 1 ) and A 5 = G 2 C Aut(P 2 ), fix the induced embedding 

A 5 x A 5 ^ d x G 2 C Aut^P 1 x P 2 ) ^ PGL(2,C) x PGL(2,C), 

put G = G 1 xG 2 and X = P 1 xP 2 . Let m : X -> P 1 and vr 2 : A -> P 2 be natural projections. Then 

7>(X,G) D {vn,^}, 
where "P(A, G) is the G-pliability of the variety X (see Definition IA.9|) . 
Theorem 6.1. The equality V(X,G) = {vri,7r 2 } holds. 

It follows from Theorem 16. II that there is no G-equivariant birational map X —+ V such that 

dim Q (ci G (y) ®q) = 1, 

and V is a Fano threefold with at most terminal singularities. 

Corollary 6.2. Let 7: X -~> P 3 be any birational map. Then the subgroup 

70G07- 1 c Bir(P 3 ) 
is not conjugate to any subgroup in PGL(3,C) = Aut(P 3 ) C Bir(P 3 ). 

Similarly, It follows from Theorem 16.11 that 

• for any G-equivariant rational map £: X — - > P 1 whose general fiber is a rational surface, 
there are maps p E Bir G (A) and a G Aut(P 1 ) such that there is a commutative diagram 

p 

X >■ X 

7T1 ^ 
Till Z ^ Pi 
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for any G-equivariant rational map £: X — * P 2 whose general fiber is a rational curve, 
there are maps p € Bii G (X) and a £ Bir(P 2 ) such that there is a commutative diagram 



X 



>X 



Theorem 6.3. The isomorphism Bir G (X) = A5 x §5 holds. 

Proof. Let £ be an element in Bir G (X). Using the notations of the proof of Theorem 16.11 put 

X = X, TT = 7Tx, v = 

Arguing as in the proof of Theorem 16.11 we see that there is a commutative diagram 



where cr € Aut 1 (P 1 ) . Then it follows from Remark IA.28I and Theorem IB. 121 that 

• either £ induces an isomorphism of the generic fiber of tti, 

• or £ o t induces an isomorphism of the generic fiber of ir\ for some r € Bir G2 ( 

which implies that either £ or £ o r is biregular by [7, Theorem 1.5] and [5j Example 5.4]. Then 



Bir G (X) ^ Aut Ul (P 



Bir 



; T .G , 2 1 



but Aut Gl (P 1 ) = A 5 and Bir G2 (P 2 ) ^ §5 by Theorem EU 



□ 



Let us prove Theorem 16.11 Suppose that V(X,G) 7^ {vri,^}. Let us derive a contradiction. 
There is a G-Mori fibration tt: X — > S that is not square birationally equivalent neither to 
the fibration %\ nor to 7T2, and there is a G-equivariant birational map v: X --■> X. Put 



M 



x 



Tt* D) 



for a very ample divisor D on the variety S in the case when dim(S') ^ 0, and put 



M 



x 



mK 



x 



for a sufficiently big and divisible m £ N in the case when dim(5 l ) = 0. Put A4x = v {M-x)- 
Lemma 6.4. For every i G {1, 2}, there is Aj E Q such that Aj > and 

K x + XiMx = ^i(Hi), 

where Hi is a Q-divisor on P l . 

Proof. The existence of positive rational numbers Ai and A2 is obvious in the case when the equal- 
ity dim(5) = holds. Thus, we may assume that either dim(iS) = 1 or dim(5) = 2. 

The fibration tt is not square birational to %\. Thus, the existence of Ai is obvious. 

The fibration 7f is not square birational to TT2, which implies the existence of A2 in the case 
when dim(S') = 2. Hence, we may assume that dim(5) = 1. Then S = P . 
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Suppose that A2 does not exist. Then there is a commutative diagram 

x-----*x 

7i 2 



c 

where Q is a rational dominant map. The normalization of a general fiber of £ is a rational curve, 
because general fiber of tt is a rational surface. On the other hand, the map £ is G?2-equi variant, 
which is impossible, because P 2 is G^-birationally rigid by Theorem IB.121 □ 

Let D be a general fiber of tq . Then it follows from Theorems I A. 161 and IB.121 that 

• either the log pair (D,X\M.x\d) has canonical singularities, 

• or there is an involution r € Bir G '(X) such that the log pair 

(d,\[t(M x )\^ 

has canonical singularities, where £ Q such that 

K x + X' 1 t(Mx) =<{H[), 
where H[ is a Q-divisor on P . 
Corollary 6.5. We may assume that (D, X\Mx\d) has canonical singularities. 
There is a commutative diagram 

W 





x*--- x, 

where a and (3 are G-equivariant birational morphisms, and W is a smooth variety. 
Let Mw be a proper transform of M x on the variety W . Take e 6 Q. Then 

fc r 

i=l i=l 
where is a rational number, 6| is a positive rational number, is an exceptional prime divisor 
of the morphism a, and Ei is an exceptional prime divisor of the morphism (5. 

Lemma 6.6. The inequality Ai > A2 holds. 

Proof. Suppose that A2 ^ Ai. Then H2 is Q-effective and nef. 

Using Lemmas IA. 141 and IA. 151 we may assume that there is I G {1, . . . , k} such that the sur- 
faces F\ , . . . , Fi are all a-exceptional divisors such that F\ , . . . , F\ are not contracted by the mor- 
phism (3, and a^ 2 , . . . , af 2 are negative rational numbers. 

Put Zi = a(Fi) for every i £ {1, . . . , r}. Then 

• either is an irreducible curve, 

• or TT2(Zi) is a closed point. 

Suppose that dim(7T2(Zj)) = 1. Let Tj be a fiber of 7T2 over a general point of 7V2(Zi). Then 

2 = X 2 M X ■ Ti > A 2 mult Zi (M x ) \Z { n r<| ^ 12A 2 mult Zi 

because the smallest Gi-orbit in P 1 consists of 12 points (see |30j). Thus, we see that i > I. 
Thus, we see that ^(Zi) is a closed point for every i G {1, . . . , I}. 
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It follows from |26^ Proposition 1] that there is a commutative diagram 

S 



U ■ 



w 





S 



X -* 



X, 



where 5 is a smooth surface, u is a GVinvariant birational morphism, v is an induced birational 
morphism, U is a smooth threefold, 7 and 5 are G-invariant birational morphisms, and 

dim I i o 7(Fj 



= 1, 

where Fi is a proper transform of Fi on the variety U, and i G {1, . . . , k}. Put V = P 1 x S. 
Let .Mj/ and TWy be proper transforms of Mx on the varieties U and V, respectively. Then 

k s 

Ku + X 2 Mu = 7* (k v + A 2 -My) + £ c^Fi + £ c^Bi, 



8=1 



1 = 1 



where cf 2 and <i^ 2 are rational numbers, and B{ is an 5-exceptional divisor. 

Note that Fi is not necessary contracted by 7. If Fi is not contracted by 7, we have c* 2 = 0. 
There is a G2-invariant divisor R on the surface S such that 

K v + X 2 M V = f(R). 

We have D = P 2 . Let us identify 5 with a proper transform of D on the variety V. Then 

R = Ks + \ 2 Mv , 

s 

and Mv\s is a proper transform of the linear system Mx\d- But 



k D,X 2 M X 



> 0, 



because the log pair (D, X\M.x\d) is canonical and A2 ^ Ai. Then is Q-effective. 
By Lemmas IA. 141 and IA. 151 we have c^ 2 < for some i G {!,...,/}. But the equality 



dim^t o j[Ft)j = 1 
holds. Arguing as in the case dim(7T2(^i)) = 1, we obtain a contradiction. 

Therefore, we see that Hi = rF for some positive r G Q, because A2 < Ai. Then 



□ 



K w + X X M W = a* (rD) + ^ a^F h 

i=l 

and, for simplicity, we put = af 1 for every i £ {1, . . . , Put 

J = \ P G P 1 3 % G {1,... ,k} such that P G tti o a(i^), tti o a(i^) / P 1 , a* < 



and let D 



A 



be a fiber of the morphism tv\ over a point A G P 1 . Then 

k 

a*(D x ) =D x + J2biF i: 

i=i 
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where D\ is a proper transform of D\ on the variety W, and G N U {0}. Note that 



bf ^ ^ 3 XeJ 



a(Fi) C D x , 



and J by Corollary 16.51 and Lemmas IA.14I and IA.151 For every A G J7, put 

af-Fl) C D x , Oj < I > 0, 



'\\ = mn.x<( - ^ 



and put 5a = for every A G P 1 \ J . Then it follows from Definition 12.71 and Corollary 16.51 that 

5 x = -c 1 Dx (X,X 1 Mx,D x ). 
Lemma 6.7. The inequality ^2\ e jd\ ^ r holds. 
Proof. Suppose that Y2xej ^ < r. We have 

K w + X\Mw = a* ( (r - ]T 5 x )d\ + £ 5 a £a + £ («; + *A#)*i, 
V agJ / xej i=l 

where Oj + 5a^ ^ for every i E {1, . . . , fc}. Then 

AiMjf ) = AiMx) = k(W, XiM w ) = 1, 
which is impossible, because either k(X, X\M x ) ^ 0, or k(X, X\M x ) =3. □ 
Corollary 6.8. For any set of rational numbers {ca}ag.7 such that Ylxej C A ^ r ' one nas 



^(xtXxMx-Y, ^) + 
\ xej J 



0. 



Let Z = P 1 be a fiber of vr 2 , and let C = P 1 be a line in D = P 2 . Then 

NE(X) =M >0 ^©P>oC, 
and = 9Z + 12C. Let Mi and M 2 be general divisors in Mx- Put T = AfiWi • M 2 . Then 

T = Z x + C A = 9Z + (12 + Qr)C, 

AGP 1 

where Ca is an effective cycle whose components are contained in a fiber of tt\ over a point A G P 1 , 
and Zx is an effective cycle such that every component of Zx does not lie in a fiber of tt\. But 

12 + 6r < 12 + 6 S * 

xej 

by Lemma [6771 Let j3\ G Qj;o such that C\ = (3\C. Then 

& < 2^ & < 12 + 6r ^ 12 + 6 ^ 5a, 

AgJ AGP 1 AGJ 

because Z and C generates the cone NE(X). Let 0\ be the Gi-orbit of the point A G P 1 . Then 

Y^\°l\ ^12 + 6r<12 + 6^5A|OA|> 



AGJ7" AG.7 
which implies that there is a point u G P 1 such that 

pjpl\ ^ i2 + 6<y u |oi|, 

where \O l J > 12 (see [30]). 
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Corollary 6.9. There is t E {1, . . . , k} such that a(Ft) C and (3 W ^ 1 — 6at/bf, where 

a(Fi)cD u , cii <o\ =c 1 Duj (X,\ 1 Mx,D UJ ), 
the log pair (X, \\-M-x — S^D^) is canonical along D w . But 



(H . . I Oi 



Arguing as in the proof of Lemma IB.151 we see that 

• there are no G2-invariant curves on = P 2 of degree 1, 3 and 5, 

• there is unique (^-invariant conic C D w = P 2 , which is smooth, 

• the action of the group G 2 on the curve T 2 = F 1 induces an embedding 

G 2 C Aut(r 2 ) ^PGL(2,C), 

• every GVorbit in D w = P 2 consists of at least 6 points, 

• every GVorbit in T 2 consists of at least 12 points (cf. |30j). 

Lemma 6.10. The equality dim(a(i 7 t)) = holds. 

Proof. Suppose that a(Ft) is an irreducible curve. Put A = a(Ff). Then 

multA(A4x) > l/Ai, 

and we may assume that A is GVinvariant by swapping Ft with its G 2 -orh\t. 
Let L be a general line in D w = P 2 . Then 

3/Ai = L ■ M x > ' " 



m > 



Ai ' 

which implies that A = T 2 - 

Put Cu = mA + A, where A is an effective one-cycle such that A <2 Supp(A). Then 

' 1 + 25 w if S u ^ 1/2, 
^ 4S U if 6 U > 1/2, 

by Theorem 11.81 But (3 U ^ 2m and j3 u ^ 1 + 65^ by Corollary 16.91 Then 

f 1 + 2S U if S u < 1/2, 

which implies that 5^ = 1/2 and m = 2, which is impossible by Theorem 11.81 □ 

Put P = a(F t ). Let Of, C D u ^ P 2 be the G 2 -orbit of P £ D^. 
Lemma 6.11. The inequalities mult p(Zx) ^3/2 and mxAt p(C u ) ^ /5 w /2 hold. 
Proof. Put r = |Of>|. Then r ^ 6. Then 

9 = (z x + C x ) ■ D u = Z x ■ > Yl mult Q (Z x ) = rum\t P (Z x ) > 6mult P (Z x ). 

AeP 1 Qe0 2 p 

which implies that multp(Zx) ^ 3/2. Let us show that multp(C w ) ^ Pw/2. 

We may consider C w as an effective GVinvariant Q-divisor on P 2 = of degree (3^. Then 

C w = mT 2 + A, 

where m£Q such that (3 w /2 ^ m 0, and A is an effective Q-divisor such that T2 <2 Supp(A). 
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Suppose that P G T2. Then 

2{f3 u} - 2m) = T 2 • A > ^ multg(A) = r ^mult P (C w ) - m\ ^ r^multp(C w ) - mj, 

QeOp 

and r ^ 12 (sec |30j). Therefore, we immediately see that 

2&, + (r-4)m 2&, + (r - 4)ft,/2 ft, 
multp(C w ) sC > '- — <C i '- = — 

because r 4. Thus, to complete the proof we may assume that P IV 

Suppose that multp(Gj) > (3^/2. Then multp(A) > /3 u /2, and there is \i € Q such that 

multp(/iA) ^ 2 

and /x < In particular, we see that Op C LCS(P 2 ,//A). 

Suppose that there is a (^-invariant reduced curve SlcP 2 such that 

fiA = ufl + T, 

where v ^ 1, and T is an effective Q-divisor, such that ^ Supp(T). Then 

4 > /xft, - 2mfi = fiA ■ H = (vQ + T) ■ H ^ vfl ■ H ^ n ■ H, 

where H is a general line on P 2 . Then f2 = Ta, which is a contradiction. 

We see that the scheme £(P 2 ,/iA) is zero-dimensional, and its support contains Op. 
It follows from Theorem 12. 141 that the sequence 



is exact, which implies that r ^ 3. But r ^ 6, which is a contradiction. □ 
Lemma 6.12. The inequality multp(A^x) < (2 + 8^)/\\ holds. 
Proof. Suppose that multp(A / (x) ^ (2 + Then 

y ^ mult P (C w ) ^ Afmultp^Mi • M 2 ) - mult P (Z x ) > A?mult P (Mx) - 3/2 ^ 5 2 + 2<L + |, 
by Lemma 16.111 But /3 W ^ 1 + 6(5^ by Corollary 16.91 which is a contradiction. □ 
Put Xq = X and Go = P. For some iV € N, there exists a sequence of blow ups 

V'Af.JV-l 1pN-l,N-2 ^3,2 ^2,1 V'l.O 

Aat s- -Xjv-l *■ • • • X2 >■ X\ *- Xq, 

such that the following conditions are satisfied: 

• Vi,o is a blow up of the point Go, 

• tpij-i is a blow up of a point 0j_i € Gi-\ for every i G {2, . . . , if}, 
where = P 2 is the exceptional divisor of ^>t-i,i-2 3 

• ipK+i,K is a blow up of an irreducible curve @k C Gr- = P 2 , 

• ip%,i-i is a blow up of an irreducible curve 0j_i C Gi-\ for every i G {if + 2, . . . , iV} 
such that ■0j_i ) j_2(Gi-i) = Gj_i, where Gj_i is the exceptional divisor of ^i— 2 5 

• the exceptional divisor Gat and the exceptional divisor F 4 induce the same discrete 
valuation of the field of rational functions of the variety X. 

FovN^j^i^O, let Gj, M Xj , Di be proper transforms on Xj of Gj, M. x , respectively, 
and let ipj t i = V'i+M • • • ^jj-l, where tpjj = idx,-. Then 

N 



K Xn + \\Mx N = ip* N ,o(rDj) +^qG; 



v 

i ) 

i=l 
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where a G Q and cat = at- Similarly, we have 

N 



il> m N ,o(D u ) = I^ + J>Gf, 



t=i 

where di G N and dx = bf. We have cat < and 5 W = —CN/dN- We may assume that 

_A _ Q t _ cv c, 

for i < N. A priori, the curve Oj may be singular for K. But Lemma 16.121 implies that 

• the curve @k is a line in Gk — P 2 , 

• for i > K, the curve Oj is a section of the induced morphism 

: C : • B, - ^ 



i-1 ► Ci-2 

Gi_i 



which implies that 0j = P 1 for i ^ K. 
Let T be an oriented graph whose set of vertices consists of the divisors Gi, . . . , Gn such that 

(Gj, Gi) G T j > i and 6,_i C G^ 1 C X^, 

where (Gj, Gj) is the edge that goes from the vertex Gj to the vertex Gj. Let Pj be the number 
of oriented pathes in T that goes from Gm to Gj. Then 

X N 
CN = ^Pi(2- Vi ) + ^ 
i=l 1=^+1 

where i/j = Aimultp^ (A^Xj_i)- Note that (Gj, Gj_i) G T for every i G {1, . . . , N}. 
Put So = 5^»=i A an d Si = Yli=K+l Pi- Then it follows from [25] that the inequality 



i \ / „ \ f2Sn + Si — Cm) 
multp(Zx) + mult P (G w ) > ^ 1 ^ 

(So + 2^1)^0 



holds. Put S = Y^Li where M ^ K be a bi gg est natural such that P M -\ G F™ - 1 . Then 

(an,, -i- V!, _ ^A 2 
multp(Zx)S + multp(G a; )So ^ - 



So + Sx 

by [25]. The choice of M implies that djy ^ S ^ So- But 

mult P (C w ) < — < - + 38 w = - - 3^ 
by Lemma 16.111 and Corollary 16.91 Therefore, we see that 



^multp(Zx) + ^ S - 3ctv ^ 



(2Sq + S^ — c/v) 2 



So + Si 

where cat < and multp(Zx) ^ 3/2. Therefore, we see that 

2E -3c^< 2S ° + £l - W > 2 . 

(So + Si) 

Lemma 6.13. The inequality multp(Zx) ^ 3/4 holds. 
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Proof. The log pair (A, \\Aix) is not canonical at the point P G D w . Then the log pair 

A, XiMx + D u 



is not log canonical at P. Then (D w , \\M.x\d uj ) is not log canonical at P by Theorem 12,171 
There is \i G Q such that < \i < X\ and (D w , hM.x\d u} ) is not log canonical at P. Then 



>\D m 



LCS^A,, fiMx 



is connected by Theorem 12,161 Arguing as in the proof of Lemma 16.111 we see that 

• either C{D u1 ,\\M.x\dS) is zero-dimensional, 

• or P G r 2 . 

If £(.D W , XiMx \d u ) is zero-dimensional, then \Op\ = 1 by connectedness. But \Op\ ^ 6. 
We see that P G T 2 . Then \Op\ ^ 12 (see [30]). Then 

9 = + Yl C M • D - = Zx ■ D " > ™lt Q (Z x ) = \0 2 P \nmllp{Z x ) > 12mult P (Z x ), 

V AeP 1 / QeO'j, 

which implies that multp(Zx) ^3/4. □ 

Therefore, we see that cat < 0, Eo ^ 1, £i ^ 1 and 

5 + 
4 N (So + Si) 

which is a contradiction. The assertion of Theorem 16. II is proved. 

Appendix A. Non-rationality 
Let A be a variety, let G C Aut(A) be a finite subgroup, let tt: X — > S be a morphism. 

Definition A.l. The morphism tt is a G-Mori fibration if the following conditions are satisfied: 

• the morphism tt is G-equivariant, 

• the variety X has terminal singularities, 

• every G-invariant Weil divisor on A is a Q-Cartier divisor, 

• the morphism tt is surjective and tt*{Ox) = Os, 

• the divisor — Kx is relatively ample for n, 

• the inequality dim(S') < dim(A) holds and 

dimol Pic G (A/5) O I - I . 



X/S\ ®( 



Suppose that tt : X — > S is a G-Mori fibration. It follows from [33] and |15| that 

the variety S is rationally connected the variety X is rationally connected. 

Remark A. 2. The group G naturally acts on the variety S. However, this action is not necessary 
faithful. One can show that every G- invariant Weil divisor on S is a Q-Cartier divisor (see |18j). 

Suppose, in addition, that X is rationally connected. Then 

dim Q (Pic G (A) ® q) = dim Q (pic G (S) ® q) + 1. 
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Definition A. 3. The fibration tt is G-birationally rigid if, given any G-equivariant birational 
map £: X —* X' to a G-Mori fibration tt': X' — > 5", there is a commutative diagram 



>x 



*X' 



S' 



where cr is a birational map, and p E Bir G '(X) such that the rational £op induces an isomorphism 
of the generic fibers of the G-Mori fibrations tt and tt' . 

Definition A. 4. The fibration tt is G-birationally superrigid if, given any G-equivariant birati- 
onal map £: X — » X' to a G-Mori fibration 7r': X' —> S', there is a commutative diagram 



5 



S- 

where a is a birational map, and £ induces an isomorphism of the generic fibers of tt and 7r'. 

We say that X is G-birationally rigid (G-birationally superrigid, respectively) if dim(S') = 
and tt: X — > 5 is G-birationally rigid (G-birationally superrigid, respectively). 

Remark A. 5. Suppose that dim(S) = 0. Then the following conditions are equivalent: 

• the Fano variety X is G-birationally superrigid, 

• the Fano variety X is G-birationally rigid and Bir G (X) = Aut G (X). 

We say that tt: X — ► S is birationally rigid (birationally superrigid, respectively) if tt: X —. 
is G-birationally rigid (G-birationally superrigid, respectively), where G is a trivial group. 

Example A. 6. It follows from [25] that tt: X — > S is birationally rigid if 

• the equalities dim(X) = 3 and dim(S') = 1 hold, 

• the inequality K\ ■ F ^ 2 holds, where F is a general fiber of tt, 

• the threefold X is smooth and 

0Int(NEpf 

where Int(NE(X)) is an interior of the closure of the cone of effective one-cycles. 

We say that X is birationally rigid (birationally superrigid, respectively) if dim(S') = and 
the fibration tt: X — > S is birationally rigid (birationally superrigid, respectively). 

Example A. 7. General hypersurface in P n of degree n ^ 4 is birationally superrigid by [24] . 

It follows from Definition IA.3I that if the G-Mori fibration tt : X — > S is G-birationally rigid 
and X 9= lP n , then there is no G-equivariant birational map X — > P n , where n = dim(X). 

Definition A. 8. We say that the G-Mori fibration tt: X — > S is square birationally equivalent to 
a G-Mori fibration tt' : X' — > S' if there exists a commutative diagram 



X 



^X' 



where a is a birational map, and £ is a G-equivariant birational map such that the map £ induces 
an isomorphism of the generic fibers of the G-Mori fibrations tt: X — > S and tt' : X' — > S' . 
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The following definition is due to [llj . 
Definition A. 9. Let V be a variety, and let T C Aut(V) be a finite subgroup. The set 
V(y, G) = | a G-Mori fibration r: Y — ► T 3 a G-equivariant birational map Y — -» j 1 
is a G-pliability of the variety V, where + is a square birational equivalence. 

We put V(V) = V{V, G) if the group G is trivial. The following conditions are equivalent: 

• the fibration tt: X — > S is G-birationally rigid, 

• the set V{X, G) consists of the fibration tt: X — > S, 

• the equality \V(X,G)\ = 1 holds. 

Remark A. 10. In the notation and assumption of Definition IA.91 it follows from [2] that 

V(V, r) ^ — Ky is not pseudoeffective V is uniruled. 

Example A.ll. Let X be a sufficiently general quartic in P that is given by 

w 2 x 2 + wyz + a# 3 (y, z, t, to) + # 4 (y 5 z,t,w) = CF 4 = Proj (c[x, y, z, t, w] 
where gi is a homogeneous polynomial of degree i. Then l'P(X)! = 2 by [llj. 

Let 7r : X — * S be a G-Mori fibration, let i/: X — > X be a G-equivariant birational map. Put 

M x = \r{D) 

for a very ample divisor D on the variety S in the case when dim(S*) ^ 0, and put 

M x = 

for a sufficiently big and divisible m £ N in the case when dim(5) = 0. Put Mx = v{M x ) 
Lemma A. 12. Suppose that dim(5) ^ 0. Then either there is a commutative diagram 
(A.13) X V -->X 



s^-- c s, 

where ( is a rational dominant map, or there is A £ Q such that 

Kx + XMx = n*(H), 
where H is a G-invariant Q-divisor on the variety S such that 

• either the log pair (X, XMx) is n °t canonical, 

• or the divisor H is not Q-effective. 

Proof. The diagram I A. 131 exists Mx lies in the fibers of tt. 

We may assume that Mx does not lie in the fibers of tt. Then there is A € Q such that 

Kx + XMx = tt*(H), 

where H is a G-invariant Q-divisor on the variety S. By Lemma 12.241 we have 

k\K x + XMx^j = -oo, 

but k(K x + XMx) = if (X, XMx) is canonical and H is Q-effective (see Corollary 12. 25p . □ 



mK x 
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Let e be a positive rational number. There is a commutative diagram 

W 





X, 

where a and j3 are G-equivariant birational morphisms, and W is a smooth variety. 
Let Mw be a proper transform of the linear system M x on the variety W . Then 

k r 

a* (k x + eM x ) + ^ = K w + eM w = P* (k x + eM x )+J2 ^ 

i=l i=l 

where a\ is a rational number, b\ is a positive rational number, F{ is a G-orbit of an exceptional 
prime divisor of the morphism a, and Ei is a G-orbit of an exceptional prime divisor of (3. 

Lemma A. 14. Suppose that dim(5) ^ 0. Then either there is a commutative diagram 

x------x 



s - - - c a, 

where £ is a rational dominant map, or there is A £ Q such that 

Kx + XMx = tt*{H), 
where H is a G-invariant Q-divisor on the variety S such that 

• either there is % G {1, . . . , k} such that of < and F{ is not /^-exceptional, 

• or the divisor H is not Q-effective. 

Proof. Arguing as in the proof of Lemma IA. 121 we may assume that there is A £ Q such that 

Kx + XMx = tt*{H), 
where H is a G-invariant Q-divisor on the variety S. 



Suppose that H is Q-effective, and af ^ for every i such that F{ is not /3-exceptional. Then 



/? ( (tt o a)* (.ff) + ^ = /3 [ (tt o a)* [H) + £ a^F^j = K> 

V »=1 / V a „ A >0 / 



which implies that K x + AA^jj is Q-effective, which is a contradiction. □ 

The assertion of Lemma IA. 141 is an analogue of |26} Proposition 2] . 
Lemma A. 15. Suppose that dim(S) = 0. Then there is A € Q such that 

Kx + XMx = tt*{H), 

where H is a G-invariant Q-divisor on the variety S. Then 

• either dim(S') = and v is an isomorphism, 

• or there is i €E {1, . . . , k} such that af < and Fi is not /^-exceptional, 

• or the divisor H is not Q-effective. 

Proof. Recall that Mx = I — m Kx\i where m is a sufficiently big and sufficiently divisible 
natural number m. Then Mx does not lie in the fibers of tt. Then there is A £ Q such that 

Kx + XMx = tt*(H), 
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where H is a G-invariant Q-divisor on the variety S. Then 



dim(S) ^ k(x, XMx) = k(x, XMg) = < 



' dim(X) if A > 1/m, 
if A = 1/m, 
— oo if fi < 1/m, 



by Lemma |2 .241 Therefore, we see that A ^ 1/m. 

Suppose that H is Q-effective, and af ^ for every i such that Fi is not ^-exceptional. Then 

^((TToar{H)+J2^ F i] = p((no a )*(H) + ^Fi] = K X + XM X , 

\ i=l J \ a ^o / 

which implies that K x + XM X ls Q-effective. Then A = 1/m. Thus, we see that 

k r 
i=l i=l 

Suppose that dim(S') = 0. Then it follows from [191 Lemma 2.19] that 

k r 

1=1 1=1 

which implies that (X, XA4x) is terminal. Then v is an isomorphism by Theorem 12.281 
To complete the proof, we may assume that dim(S*) ^ 0. Then 

dim Q (pic G (S) ® Q) + 1 + k = dim Q (pic G (X) ® q) + k = dim Q (pic G (W) <g> Q) = 1 + r, 



which implies that k ^ r — 1. For every i € {1, . . . , r}, we see that 

• either i% is an exceptional divisor of the morphism a, 

• or a{Ei) is a divisor that lies in the fibers of the morphism ir. 

Suppose that F\ is not contracted by (3. Then 

'Fi,E 1} ...,Er\ = Pic G (W) <8>Q, 
where (F\,Ei, . . . , £7 r ) is a linear span of the divisors F\,Ei, . . . ,E r . Then 



dun <: ( {/:', E,.)\ }{F 1 , /•), ) | - /,' — L 

because Fi, . . . ,F k are linearly independent in Pic G (W) ® Q. Thus, we have 

dimQUa(£a),...,a(^)^j = r - fc + 1 = dim Q (Vic G (X) ®i 

where we assume that a{Ei) = if the divisor Ei is contracted by a. But 

a(E 1 ),...,a(E r )\ /Pic G (X) ® Q, 



because a(Ei) lies in the fibers of 7r if i% is not contracted by a. 

We see that i*i is contracted by /?. Similarly, we see that all Fi, . . . ,Ff. are contracted by 0. 
Without loss of generality we may assume that Fi = Ei for every i € {1, . . . , k}. Then 

dimQ ^a[E k+1 ), . . . , a(E r )^ =r - k = dimQ^Pic G (S') <g> 

and all divisors a(Ek+i), • • ■ , a{E r ) lies in the fibers of ir. 
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Let M be a general very ample divisor on S, and let TV" be its proper transform on W. Then 

vr*(M) G (a(E k+1 ),...,a(E r )y 
and N ~ (ir o a)*{M). The divisor N is not contracted by (3. But 

(vroa)*(M) G (Ei,...,E r ), 
which is a contradiction. The obtained contradiction completes the proof. □ 
Suppose, in addition, that dim(5) = 0. 

Theorem A. 16. The following conditions are equivalent: 

• the Fano variety X is G-birationally rigid, 

• for every G-invariant linear system A4 on the variety X that has no fixed components, 
there is a G-equivariant birational automorphism £ G Bir G (X) such that 

has canonical singularities, where A G Q such that Kx + A£(.M) = 0. 
Proof. See [H Theorem 1.26] (cf. Lemma I A. 141 and IA.15j) . □ 

Corollary A. 17. The following conditions are equivalent: 

• the Fano variety X is G-birationally rigid, 

• for every G-invariant linear system M on the variety X that has no fixed components, 
there is a G-equivariant birational automorphism £ G Bir (X) such that 

k(x, A£(M)) >0, 

where A G Q such that K x + A£(Af) = 0. 

Corollary A. 18. The following conditions are equivalent: 

• the Fano variety X is G-birationally superrigid, 

• for every G-invariant linear system M on X that has no fixed components, the log pair 

(x, xm) 

has canonical singularities, where A G Q such that Kx + A M. = 0. 
Let us show how to apply Corollary IA. 181 
Lemma A. 19. Suppose that X is a smooth del Pezzo surface such that 

|E| >K\ 

for any G-orbit T, C X. Then X is G-birationally superrigid. 

Proof. Suppose that X is not G-birationally superrigid. Then it follows from Corollary [AT8] that 
there is a G-invariant linear system Ai on the surface X such that M does not have fixed curves, 
but the log pair (X, XM) is not canonical at some point OgI, where A G Q such that 

K x + XM = 0. 

Let E be the G-orbit of the point O. Then multp(A^) > 1/A for every point ?£E. Then 

K 2 f \ ISI K 2 

-^ = Mi-M 2 ^J2 mult P (Mi • M 2 J 2* Yl m ultp(M) > ^ -rf. 

Pes ' Pes 

where M\ and M2 are sufficiently general curves in A4. □ 
Let us show how to apply Lemma I A. 191 
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Theorem A. 20. Let G be a finite subgroup in 

Aut(P 2 ) PGL^c" 
such that G = A 6 . Then P 2 is G-birationally superrigid. 
Proof. Let £ C P 2 be any G-orbit. Then it follows from [32J that 

|S| ^ 12, 

which implies that P 2 is G-birationally superrigid by Lemma |A.19[ □ 

Let T be a subset in Bir G (X). 

Definition A. 21. The subset T untwists all G-maximal singularities if for every G-invariant lin- 
ear system A4 on the variety X that has no fixed components, there is a £ € V such that the pair 



X, Xi 

has canonical singularities, where A is a rational number such that Kx + \£(M) = 0. 
Applying Lemma IA. 141 and IA. 151 we obtain the following corollary. 

Corollary A. 22. Suppose that T untwists all G-maximal singularities. Then 

• the variety X is G-birationally rigid, 

• the group Bir G (X) is generated by T and Aut G (X). 

It follows from Theorem I A. 161 that the following conditions are equivalent: 

• the variety X is G-birationally rigid, 

• the group Bir G (X) untwists all G-maximal singularities. 

Definition A. 23. Global G-invariant log canonical threshold of the variety X is the number 

the log pair (X, XD) has log canonical singularities ' 
for every G-invariant effective Q-divisor D = —Kx 

Let us show how to compute the number lct(X,G) (see Lemma 5.7]). 



lct(X,G) = sup | A G 



> 0. 



Theorem A. 24. Let X be a smooth del Pezzo surface such that K x = 5. Then 

Aut(Jf) ^ S 5 , 

the surface X is As-birationally superrigid, and lct(X, A5) = 2, where Pic As (X) = Z. 

Proof. The isomorphisms Aut(X) = §5 and Pic A5 (X) = Z are well-known (see [27], |13|). 
Let S C X be any As-orbit. Suppose that |S| ?J 6. Then |E| ^ 5, because A5 is simple. 
Let P € S be a point, let H C A5 be the stabilizer of the point P. Then 

, ■ _ |A 5 | _ 60 

and H acts faithfully on the tangent space of the surface X at the point P. Then 

because A4 does not have faithful two-dimensional representations. 

We see that |S| = 6. In particular, the surface X is G-birationally superrigid by Lemma fA.191 
which also follows from either from [3] or pQ. 

The surface X contains 10 smooth rational curves L\, L2, . . . , L10 such that 

L\ ■ L\ = Li ■ L2 = ■ ■ ■ = Lio ■ L10 = —1, 
and Y2i=i ~ —2Kx- Then lct(X, A5) ^ 2, because the divisor X^i=i ^ s As-invariant. 
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It follows from [14] that there is a birational morphism x '■ X — > P that is a blow up of the four 
singular points of the curve WcP 2 that is given by the equation 

x 6 + y 6 + z 6 + [x 2 + y 2 + z 2 ) (x 4 + y 4 + z 4 ) = 12x 2 y 2 z 2 C P 2 ^ Proj (C[x, y, z] 

Let Z be the proper transform on X of the curve W . Then 

Z ~ -2i<0c, 

and the curves Z and ^£=1 are the only §5-invariant curves in | — 2Kx\- 

Let V be the pencil on X that is generated by the curves Z and Ya=i ^i- Then every curve in 

the pencil V is As-invariant (see |14j). 

Let T be a curve in such that EnT^ 0. Then 

ScSing(T), 

because H is not abelian and, hence, does not have faithful one-dimensional representations. 
It follows from [J3] that V contains five singular curves, which are 

• the curve Yl\=i Li, 

• two irreducible rational curves R\ and R2 that have 6 nodes, 

• two reduced curves F± and F2 each consisting of 5 smooth rational curves. 

Therefore, we see that S = Sing(i?i) or S = Sing(i?2)- 

The representation induced by the action of A5 on | — Kx\ is a sum of two non-equivalent 
irreducible three-dimensional representations of A5 (see |27j). which induces two As-equivariant 
projections <ft: X — » P 2 and tp: X --■ *• P 2 , respectively. It follows from [27] that 

• the maps <fi and ip are are morphisms of degree 5, 

• the actions of A5 on P 2 induced by 4> and ip are induced by non-equivalent irreducible 
three-dimensional representations of A5 (cf. the proof of Lemma IB.15I) . respectively. 

Suppose that lct(X, A5) ^ 2. There is an effective As-invariant Q-divisor D on X such that 



LCS(X,AL>J 

and D = —Kx, where A is a positive rational number such that A < 2. Then 
(A.25) H 1 [ X, Ox ( - K x ) ® l(x, XD )) = 



by Theorem 12.141 where I(X,\D) is the multiplier ideal sheaf (see Definition 12. 13|h 
Suppose that there is a As-invariant reduced curve C on the surface X such that 

xd = nC + n, 

where /i is a positive rational number such that fj, ^ 1, and is an effective Q-divisor on 
the surface X, whose support does not contain any component of the curve C. Then 

C ~ —mKx, 
where m is a natural number. Therefore, we have 

„ 5/i 5m 

which is implies that m = 1. But the equality m = 1 is impossible. 

Therefore, we see that LCS(X, XD) does not contain curves (see Definition !2.1Up . 
It follows from the vanishing IA.25I that 



LCsfx, XD 



^6, 



but the set LCS(X,AL>) is A 5 -invariant. Then |LCS(X,AL>)| = 6. 
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Thus, we see that either LCS(X, XD) = Sing(-Ri) or LCS(X, XD) = Sing(i? 2 ). 
We may assume that Supp(-D) does not contain R\ and R2 by Remark 12.61 
We may assume that LCS(X, XD) = Sing(i?i) = S. Put 

Sing(#i) = {0 1 ,0 2 ,0 3 ,0 i ,0 5 ,0 6 }, 

where Oi is a singular point of the curve R\. We may assume that P = 0\. Then 

6 

10 = Ri ■ D ^ J^mult 0i (l>)multo 4 (-Ri) > 12mult P (D). 

i=l 

which implies that multp(D) 5/6. 

Let tt: U — ► X be a blow up of the points 0%, O2, O3, O4, O5, 06- Then 

6 

+ AZ) + ^ (Amult 0i (D) -l\Ei = tt* (k x + XD^ 

i=l 

where E{ is the exceptional curve of the blow up ir such that ir{Ej) = Oi, and D is the proper 
transform of the divisor D on the surface U. Then the log pair 



(u, XD + ^2 (Amult 0l {D) - l) E-\ 



is not log canonical at some point Q G E%. Then it follows from Theorem 12.161 that 

LCS (u, XD + J2 (Amult 0l (D) - l) E^j f)E 1 = Q, 

which is impossible, because the As-orbit of the point Q contains at least 2 points of the excep- 
tional curve Ei, because H acts faithfully on the tangent space of X at the point P. □ 

The number let(JT, G) plays an important role in geometry (see Theorem l5.ip . We put 

lct(X) = lct(X,G) 
if the group G is trivial. Then lct(F n ) = l/(n + 1) (see [S]). 

Example A. 26. Let X be a general hypersurface in P n of degree n ^ 6. Then lct(X) = 1 by [26] . 

Note that Definition IA.3I still make sense if X is defined over a perfect field. 
Definition A. 27. The variety X is said to be universally G-birationally rigid if the variety 

X® Spec^C (U) 

is Cr-birationally rigid for any variety U, where C(U) is the field of rational functions of the va- 
riety U, and we identify G with a subgroup of the group Aut(X <8> Spec(C(J7))). 

It follows from Definition IA.4I that if the variety X is G-birationally superrigid, then 

• the variety X is universally G-birationally rigid, 

• for any variety U, the variety 

X® Spec((C([/) N 



is Cr-birationally superrigid, where C(U) is the field of rational functions of the variety U, 
and we identify G with a subgroup of the group Aut(X ® Spec(C(f7))). 



Remark A. 28. Suppose that dim(X) 7^ 1 and X is G-birationally rigid. Then 

• the group Aut G (X) is finite (see [28]). 

• the variety X is universally G-birationally rigid if Bir G (X) is countable (see [21]). 
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Take r £ N such that r ^ 2. For every i € {1, 2, ... , r}, let Xi be a Fano variety, and let G% 
be a finite subgroup in Aut(Aj) such that 

diniQ ^Pic G < (Xi) ® <q| = 1, 

and every Gj-invariant Weil divisor on the variety X{ is a Q-Cartier divisor. Suppose, in addition, 
that Xi has at most terminal singularities, and the variety Xi is Gj-birationally rigid. Put 

• X = X\ x X2 x • • • x X r and Q = G\ x G2 x • • • x G r , 

• <Si = X2 X • • • X X r and S r = X\ x ■ ■ ■ x X T , 

• Si = X\ X • • • X x Xj+i x • • • x X r for every i £ {2, . . . , r — 1}. 
Let 7Tj : ^ — > 5j be a natural projection. Then 7r, is a £/-Mori fibration and 

{iri,...,n r }QV{X,g), 
where V(X,Q) is the (/-pliability of the variety X (see Definition IA.9j) . 

Theorem A. 29. For every i E {1, 2, . . . , r}, suppose that Aj is universally Gj-birationally rigid 
and the inequality lctpQ, G{) ^ 1 holds. Then V(X, Q) = {tt±, . . . , ir r }. 

Proof. Suppose that there is a (/-Mori fibration ff : A — > S such that there is a ^-equivariant 
birational map v : X — •» X. We must show that there is i G {1, 2, . . . , r} such that dim(5) 7^ 0, 
and there exists a commutative diagram 

(A.30) A V --^X P - - ^ X 



s -5,, 

where p is a (/-equivariant birational automorphism, and a is a birational map. 

Arguing as in the proof of |26} Theorem 1] and [fH Theorem 6.5] and using Lemma [A . 1 5 1 instead 
of using [26, Proposition 2], we see that dim(iS) 7^ (cf. the proof of Theorem 16. ip . 

Arguing as in the proof of |26^ Theorem 1] and [6l Theorem 6.5] and using Lemma [A . 1 41 instead 
of using [26, Proposition 2], we obtain the existence of the commutative diagram IA. 301 □ 

Let us show how to apply Theorem IA.29I (cf. Examples IA.7I and IA.26|) . 
Example A. 31. The simple group Ag is a group of automorphisms of the sextic 

10xV + 9zx 5 + 9zy 5 + 27z 6 = 45x 2 y V + l35xyz A CP 2 ^ Proj (c [x, y, 

which induces a monomorphism Ag x Aq — > Aut(P 2 x P 2 ), which induces a monomorphism 

(f>: A 6 x A 6 — ► Bir(P 4 ), 

because the variety P 2 x P 2 is rational. Then it immediately follows from Theorem IA.29I that 
the subroup 4>(A e x A 6 ) is not conjugate to any subgroup in Aut(P 4 ), because 

• the surface P 2 is Ag-birationally superrigid by Theorem IA.201 



the equality lct(P 2 , A 6 ) = 2 holds (see [5]). 



For further applications of Theorem IA.29I see [26] and [B] . 
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Appendix B. Cremona group 
Let G be a finite group. Put Cr2(C) = Bir(P 2 ). Let (ft: G — > Cr2(C) be a monomorphism. 
Problem B.l. Up to conjugations, find all subgroups in Cr2(C) that are isomorphic to G. 
The purpose of this section is to solve Problem IB.ll in the case when 

G £ {a 5 ,A 6 ,PSl(2,F 7 ) j, 
which solves Problem IB. II for all simple non-abelian subgroups in Cr2(C) (see Theorem \B.7\i . 
Theorem B.2. Up to conjugations, the group Cr2(C) contains 3, 1, 2 subgroups somorphic to 

A 5 ,A 6 ,PSl(2,F 7 ), 

respectively. The description of this subgroups follows Theorems IB.81 IB.101 IB.12I 

Proof. The required assertion (probably known) follows from Theorems IB.81 IB. 101 IB. 121 □ 

Let (ft' : G — > Cr2(C) be a monomorphism. If 0(G) = <ft'(G), then (ft' = (pox, where \ € Aut(G). 

Definition B.3. We say that the pairs (G, (ft) and (G, (ft 1 ) are conjugate if there exists a birational 
automorphism e € Cr2(C) such that there is a commutative diagram 

G 

Bir (P 2 ) ^ Bir (P 2 ) , 

where u e is an inner isomorphism such that u) e (g) = e o g o e _1 for every g € Cr2(C). 

If (ft' = (ft o x for some inner isomorphism x £ Aut(G), then (G, (ft) and (G, (ft') are conjugate. 

Problem B.4. For every a € Aut(G), decide whether (G, (ft) and (G, (ftoa) are conjugate or not. 

It follows from |13| Lemma 3.5] that we can find a smooth rational surface X, a monomor- 
phism v: G — > Aut(X), and a birational map £: X --^ P 2 such that 

4>{g) =Z°v{g)°C 1 eBir(P 2 ) 

for every element g G G. The triple (X, £, v) is not uniquely defined by the pair (G,(ft). 
Definition B.5. We say that the triple (X,^,v) is a regularization of the pair (G, (ft). 
Let (X',£',v') be a regularization of the pair (G,(ft'). 

Theorem B.6. The following assertions are equivalent: 

• the pairs (G, (ft) and (G, (ft') are conjugate, 

• there is a birational map p: X — - > A' such that 

v'(g) =pov(g)op~ 1 e Aut(A') 

for every element g € G. 

Proof. See |13| Lemma 3.4]. □ 

It follows from Theorem IB . 61 that . to solve Problems IB.ll and IB A\ we may assume that there is 
a morphism 7r: X — > S 1 that is a f(G)-Mori fibration. Then either 5 = P 1 or 5 is a point. 

Theorem B.7. Suppose that G be a simple nonabelian group. Then 

G G {a 5 ,A 6 ,PSl(2,F 7 )}. 
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Proof. The required assertion follows from [13]. Indeed, suppose that S^F 1 . Then 

G C AutfP 1 ) ^PGl(2,C^ 



because v{G) acts nontrivially either on the fiber of it or on tt(X) = P . Then G = A5 (see |30|). 
We may assume that S 1 is a point. Then either X = P 2 or K\ G {2,5} (see [T3]). 
In the case when K\ = 5, we have Aut(X) = §5 and G = A5 (see |13|). Similarly, we have 



G = PSL(2,F 7 

in the case when K\ = 2 (see |13j). In the case when X = P 2 , it is well-known (see |13| ) that 

G G {a 5 ,A 6 ,P§l(2,F 7 )}, 
which completes the proof. □ 
Let us identify the subgroup v{G) C Aut(X) with the group G. 

Theorem B.8. Suppose that G = PSL(2,F 7 ). Then 

• the variety S is a point, 

• the surface X is G-birationally superrigid, 

• one of the following two possibilities holds: 

— X = P 2 , and G is conjugate to a subgroup that leaves invariant the curve 

(B.9) x 3 y + y 3 z + z 3 x = C Proj[C[x,y, 



> z . 

— X is a double cover of P 2 branched along the curve IB.91 

• for every a G Aut(G), the following conditions are equivalent: 

— the pairs (G, (f>) and (G, <j> o a) are conjugate, 

— the isomorphism a is an inner isomorphism. 

Proof. Arguing as in the proof of Theorem IB. 7\ we see that 

• the variety S is a point, 

• one of the following two possibilities holds: 

— X = P 2 , and G is conjugate to a subgroup that leaves invariant the curve IB~9l 

— X is a double cover of P 2 branched along the curve IB.91 

Any G-orbit in X consists of least 2 points. Indeed, the group G is simple, which implies that 

• the group G does not have faithful two-dimensional representations, 

• the group G does not have subgroups of index two. 

If X = P 2 , then any G-orbit in X contains at least 12 points (see [30^ or |32j). 
It follows from Lemma |A. 191 that X is G-birationally superrigid. 

Take any a G Aut(G) such that the pairs (G, <j>) and (G, <j)oa) are conjugate. Then there is a bi- 
rational map p: X — » X such that 

voa(g) = pov(g) op' 1 

for every g G G by Theorem IB. 61 Then p G Aut(X), because X is G-birationally superrigid. Put 

G=(G, P ), 

where we identify the subgroup v(G) with the group G. Then G is a finite subgroup in Aut G (X), 
which implies that G = G, because Aut G (A") = G if X = P 2 , and 

Autpr) = Aut G (AT) ^PSLf2,F 7 N ) x 



2 

if X j£ P 2 . Then p G G, which means that a is an inner isomorphism of the group G. □ 
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Theorem B.10. Suppose that G = A 6 . Then 

• X ^ P 2 and X is G-birationally superrigid, 

• the subgroup G is conjugate to a subgroup that leaves invariant the curve 
(B.ll) lOx V + 9zx 5 + 9zy 5 + 27z 6 = 45x 2 y 2 z 2 + l35xyz A CP 2 = Proj (c [x, y, z 

• for every a S Aut(G), the following conditions are equivalent: 

— the pairs (G, 4>) and (G, <p o a) are conjugate, 

— the isomorphism a is an inner isomorphism. 

Proof. Arguing as in the proof of Theorem IB. 81 we see that 

X P 2 , 

and G is conjugate to a subgroup that leaves invariant the curve |B~TT1 
It follows from Theorem IA.20I that X is G-birationally superrigid. 
Let C be the curve lEUl Then we may assume that C is G-invariant. 
Let p be any element in Aut (X), and let g be any element in G. Then 

9{p(C))=p( 9 '(C))=p(C) 

for some g' £ G. But C is the only sextic curve in P 2 that is G-invariant. Then 

p{C) = C, 

which implies that p G G, because G = Aut(G). 

Now arguing as in the proof of Theorem [B.8\ we conclude the proof. □ 

Theorem B.12. Suppose that G = A 5 . Then 

• for every a S Aut(G), the pairs (G, <fi) and (G, <fi o a) are conjugate, 

• one of the following possibilities holds: 

— X is a blow up of P 2 at any four points in general position, the variety S is a point, 
the surface X is G-birationally superrigid, and Aut(X) = §5, 

— X = P 2 , the variety X is G-birationally rigid, and 

Ar = Aut As ( F 2 ) C Bir As 1 
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— X = F n , where n 6 NU{0} and n is even, there is a birational map p: X - 
that induces the monomorphism v: G — > Aut(P x x P 1 ) such that 

^(f) = P°v(g) op' 1 
for every j£ G, and D is induced by the product action of A5 x idpi on 
Note that the assertions of Theorems IB.81 IB. 101 and IB. 121 solves Problems IB. II and IB. 41 for 

G E {a 5 ,A 6 ,PSIl(2,F 7 )}. 
In the rest of this section we prove Theorem IB. 121 Suppose that G = A5. 

Lemma B.13. One of the following possibilities holds: 

• the variety S is a point and 

- either K 2 X = 5, 
-orl^ P 2 , 

• S ^ P 1 and X ^ F n , where n G N U {0}. 

Proof. If the variety S is a point, then either K 2 X = 5 or X = P 2 (see [15]). If 5 = P 1 , then 

^ = F n 

by P31 Lemma 5.6], where n € N U {0}. □ 
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Note that if the equality K\ = 5 holds and the variety S is a point, then 

Aut(X) =S S 5 

and X is a blow up of P 2 at four points in general position (see [27J, [13) V 

Lemma B.14. Suppose that K\ = 5 and S is a point. Then 

• for every a G Aut(G), the pairs (G,(p) and (G, cp o a) are conjugate, 

• the surface X is G-birationally superrigid. 

Proof. The surface X is G-birationally superrigid by Theorem IA. 241 It is well-known that 

Aut(G) ^S 5 , 

and every element in Aut(G) is induced by an inner isomorphism of the group S5, which implies 
that the pairs (G, 4>) and (G, 4> o a) are conjugate for every a G Aut(G). □ 

Note that if X = P 2 , then the embedding 

A 5 = G C Aut(A) ^ P§l(3,c) 

is induced by a three-dimensional representation of the group A5 . 

Lemma B.15. Suppose that X = P 2 . Then 

• the variety X is G-birationally rigid, and 

A 5 Aut G (A) C Bir G (A) S 5 , 

• for every cr G Aut(G), the pairs (G, <fi) and (G, o cr) are conjugate. 

Proof. It follows from [32j that we can assume that the embedding G C Aut(P 2 ) induces the ac- 
tion of the group G on the ring C[x, y, z] such that the ring C[x, y, z] G is generated by 

f 2 (x,y,z) = x 2 + yz, f 6 (x,y,z) = 8x 4 yz - 2x 2 y 2 z 2 - x(y b + z 5 ) +y 3 z 3 , 

f w (x,y,z) = 320x 6 y 2 z 2 -160x' L y 3 z 3 +20x 2 y' i z 4 +6y 5 z 5 -4x(y 5 +z 5 ^ (32x 4 -20x 2 yz+5y 2 z 2 ^j+y w 

f 15 (x,y,z) = x(y w - z 10 ) (^352x 4 - 160x 2 yz - 10y 2 z 2 ) + (y 5 - z 5 ) (^3840x 8 yz - 1024x 10 )- 

- (y 5 - -2 5 ) (3840xVz 2 + 1200x 4 y 3 z 3 - 100x 2 y 4 z 4 + y 10 + z w + 2y 5 z 5 ^j . 

It follows from [32] that the forms f 2 , fe, fio and /15 are related by the equation 

/ 4 5 = -1728/| + / 3 + 720/ 2 /|/ 10 - 80/| / 6 / 2 + 64/|(5/ 2 - / 2 / 10 ) 2 . 

Note that every G-semi-invariant polynomial in C[x,y, z] must be also G-invariant, because 
the group G is simple. In particular, there are no G-invariant curves in P 2 of degree 1, 3 and 5. 
Let G C P 2 be the curve that is given by the equation 

f 2 {x,y,z) = 0cP 2 ^Proj(C[x,y,z]), 

and let V be the pencil on P 2 that is given by the equation 

A/| (x, y, z) + fif 6 (x, y, z) = 0, 

where [A : fi] G P . Then the following assertions hold: 

• the curve C is unique G-invariant conic on P 2 , 

• the action of G = A5 on C = P 1 induces an embedding C C Aut(G), 

• every G-invariant sextic curve on P 2 belongs to the pencil V, 

• all curves in the pencil V are irreducible and reduced except the following curves: 

— the non-reduced curve that is given by the equation /|(x, y, z) = 0, 
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a reduced reducible curve consisting of 6 lines L\ , . . . , Lq such that the set 
G n ( Li U L 2 U L 3 U L 4 U L 5 U L 6 



is the unique G-orbit contained in G that consists of 12 points (cf. [30]). 

• every G-orbit in P 2 consists of at least 6 points, 

• there is a unique curve R G P such that |Sing(i?)| = 6, and the subset 

Sing(i?) C P 2 

is the only G-orbit consisting of 6 points. 
Take any a € Aut(G). Then a is induced by an inner isomorphism of §5. Thus, if 

Bir G (X) ^§5, 

then the pairs (G, <p) and (G, (f> o a) are conjugate. 

Let p be any element in Aut G (X), and let g be any element in G. Then 

9 P = P 9' 

for some g' G G. Then 

ff (p(G))=p( 5 '(G))=p(G) ) 

which implies that p(G) = G. There is unique G-orbit A C C such that |A| = 12. Then 

<P(A))=p(V(A))=p(A), 

which implies that p(A) = A. The subgroup in Aut(G) that leaves invariant the set A is finite, 
which implies that p E G. Thus, we see that Aut G (A) = G. 

To complete the proof, we must show that X is G-birationally rigid and Bir G (X) = §5. 

Let S C P 2 be a G-orbit such that |S| < 9. Then it follows from [3D] or [32] that 

snG = 0, 

and |E| = 6 (cf. Section [6]). Then S is uniquely defined by the equality |S| = 6. 

Let 7: W — > X be a blow up of all points in S. Then it follows from [161 Proposition 1] that 

Aut{W) ^ S 5 , 

and W is isomorphic to the Clebsch cubic surface (see p2]). Put 

t = 7 o 9 o 7"" , 

where 6> is an odd involution in Aut(W) = §5. Then r Aut(P 2 ). 

The involution r induces the monomorphism v' : G — > Aut(P 2 ) such that 

v'(g) =Tov(g) or -1 

for every g EG. Then v' is induced by a three-dimensional representation of the group A5 that 
is different from the representation that induces the monomorphism v (cf. |13^ Section 9]). 

Let E be the reduced 7-exceptional divisor such that "f(E) = X. Then there is a commutative 
diagram 

W 




where ^ is a blow down of the curve 9(E) to the set £ (cf. proof of Theorem IA.24p . 

If the group generated by r untwists all G-maximal singularities (see Definition IA.21|) , then 

Bir G (A) = / Aut G (X) , r 
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by Corollary lA.221 and X is G-birationally rigid by Corollary lA.17l Hence, to complete the proof, 
we must show that the group generated by r untwists all G-maximal singularities. 
Let M be a G-invariant linear system on the surface X such that 

• the linear system Ai does not have fixed curves, 

• the log pair (X,/j,M) is not canonical at some point O G X, where \x G Q such that 

K x + fJ-M = 0. 
Let A be the G-orbit of the point O. Then 

multp(A^) > - 
H 

for every point P G A. Let Mi and M 2 be general curves in A4. Then 
9 / \ 

— = — ^ = M V M 2 ^ ^2 umltp(M r M 2 ) > mult P (M 1 )multp(M 2 ) = ^ multp(A^) > 
^ " PeA PeA PeA 

which implies that [A| < 9. Then A = E. Put H = 7*(£> p2 (l)). Then 

f e*(H) ~ 5H - 2E, 
(B.16) { ) 

\0*(E) ~12.ff-5.E7, 

because the involution 9 acts non-trivially on Pic(W). 

Put M! = t(M). Let fjf be a positive rational number such that the equivalence 

K x + n'M' = 
holds. Then it follows from the equivalences IB .161 that 

3 

M 15/V- 12mult (A4)' 

which implies that \j! > (j,. Similarly, it follows from the equivalences IB. 161 that 

6 

mult P (M') = 5mult (Al), 

for every point ?6E. Then the log pair (X, //«M') is canonical at every point of the set E. 

Arguing as above, we see that the singularities of the log pair (X, n'M') are canonical every- 
where, which implies that the group generated by r untwists all G-maximal singularities. □ 

To complete the proof of Theorem IB. 12| we may assume that X = F n , where n G N U {0}. 

Lemma B.17. Suppose that there are monomorphism 1: G — > Aut(P 1 ), a non-inner isomor- 
phism v G Aut(G), and a birational map \ '- X — » P 1 x P 1 such that 



X v(g) o x 1 (a,bj = I i{g) (aj , 1 o v[g) (l 



for every g £ G and (a, 6) G P 1 xP 1 . Then (G, <£) and (G, ocr) are conjugate for any a G Aut(G). 
Proof. The birational map % induces the monomorphism v: G — > Aut(P x x P 1 ) such that 

for every g £ G. Then t> is induced by the twisted diagonal action of the group A5 on P 1 x P 1 . 
Let us identify the subgroup v(G) with the group G. 

Take r G Aut(P x x P 1 ) such that r(o, b) = (b, a) for any (a, b) G P 1 x P 1 . Then 

(G,T>~S 5 , 

which implies that the pairs (G, </>) and (G, (p o a) are conjugate for every cr G Aut(G), because 
every isomorphism of the group A5 is induced by an inner isomorphism of the group §5. □ 
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Therefore, to complete the proof of Theorem IB. 121 we may ignore any difference between 
the monomorphism v and v o a, where a G Aut(G). 

Lemma B.18. Suppose that Then n is even, there is a commutative diagram 

p 



X 



pi x p i 



where p is a birational map that induces the monomorphism v. G — > Aut(P x x P 1 ) such that 

v[g) = pov(g) op" 1 

for every g G G, and v is induced by the product action of the group A5 x idpi on P 1 x P . 

Proof. Let Z be the section of tt such that Z 2 = — n. Then Z is G- invariant. 
The curve Z contains G-orbits consisting of 12, 20 and 30 points (see |30j). 
Let E be the G-orbit such that EcZ and |E| = 30. Then there is a commutative diagram 




where if) is a birational map, tt\ is a P -bundle, a is the blow up of the set E, and (3 is the blow 
down of the proper transforms of the fibers of tt that pass through the points of the set E. 
The birational map ip induces the monomorphism v\ : G — > Aut(Xi) such that 

vi{g) = i>°v(g) oijj- 1 

for every g G G. Let us identify the subgroup ^i(G) with the group G. Put Z\ = ip(Z). Then 

Z x ■ Z\ = Z ■ Z - 30 = -n - 30 < 0, 

which implies that X\ = F n _|_3o and Z\ is G-invariant. 

The curve Z\ contains G-orbits consisting of 12, 20 and 30 points (see [30]). 
Let Ei be the G-orbit such that Ei C Z\ and 

|Ei| = 20, 

let Pi be a point in Ei, let H\ be the stabilizer in G of the point Pi. Then H\ = Z3. 
Let Li be the fiber of t\\ such that Pi G L\. Then 

hi{L x ) =L X 

for every h\ G H%. Then there is a point Q\ G L\ \P\ such that /ii(Qi) = Q\ for every h\ G H\. 
Let Ai be the G-orbit of the point Q\. Then |Ai| = 20 and 

Ai n Z\ = 0, 
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because Z\ is G-invariant and Q\ $ Z\. Thus, there is a commutative diagram 




0i 




X2 



where ip\ is a birational map, 1^2 is a P 1 -bundle, a± is the blow up of the set Ai, and f}\ is the blow 
down of the proper transforms of the fibers of tt\ that pass through the points of the set Ai. 
The birational map ipi induces the monomorphism V2 ■ G — > Aut(-X"2) such that 

vi{g) = 1P1 °vi{g) V'f 1 

for every g G G. Let us identify the subgroup V2(G) with the group G. Put Z2 = tpi(Zi). Then 

Z 2 ■ Z 2 = Z l ■ Z x + 20 = Z ■ Z - 30 + 20 = -n - 10 < 0, 

which implies that X2 = F n+ io and Z2 is G-invariant. 

The curve Z2 contains G-orbits consisting of 12, 20 and 30 points (see [30]). 
Let E2 be the G-orbit such that £2 C Z2 and 

|Si| = 12, 

let P2 be a point in £2, let Hi be the stabilizer in G of the point P2. Then H2 — Z5. 
Let L2 be the fiber of TT2 such that P2 S L2. Then 

hi(L 2 ) = L 2 

for every hi £ i?2- Then there is a point Q2 £ -^2 \ P% such that h 2 {Qi) 
Let A2 be the G-orbit of the point Q2- Then | A.2 1 = 12 and 



Q2 for every hi 6 f?2- 



A 2 n z 2 = 0, 

because Z2 is G-invariant and Q2 ^ Z 2 . Thus, there is a commutative diagram 

lh 




Xi 



»i'2 



ft 

— rol 



where tpi is a birational map, 7r' is a P 1 -bundle, «2 is the blow up of the set A2, and j3i is the blow 
down of the proper transforms of the fibers of tt2 that pass through the points of the set A2. 
The birational map ^2 induces the monomorphism v' : G — > Aut(X') such that 

v'(g) = ^0^3(9) 1P2 1 

for every g G G. Let us identify the subgroup v'(G) with the group G. Put Z' = tpi(Zi). Then 

Z' • Z' = Z 2 ■ Z 2 + 12 = Zi • Zi + 20 + 12 = Z ■ Z - 30 + 20 + 12 = -n + 2 < 0, 

and the curve Z' is a G-invariant section of tt'. Note that X' = F n _2- 

Put v = ipi o ^/>i o Then (X', £ o z/, v') is a regularization of the pair (G, </>). 
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So far, we constructed the commutative diagram 

x--- v --*x' 



(-a 



where v is a birational map, it' is a P 1 -bundle, X' = ¥ n ^2, there is a section Z' of n' such that 

Z' ■ Z' = -n + 2 

and Z' is G-invariant. If n = 2, then we are done. Similarly, we see that Then n ^ 4. 

Repeating the above construction [n/2\ times, we conclude the proof. □ 



Thus, to complete the proof of Theorem IB. 121 we may assume that n = 0. Then 

~ TD>1 w H&l 



and we may assume that it : P 1 x 



Dl 



is a projection to the first factor. 



Lemma B.19. Suppose that there is a G-invariant section Z of the fibration it. Then there is 
a commutative diagram 

p 



X 



pi x p i 



where p is a birational map that induces the monomorphism v. G — > Aut(P x x P 1 ) such that 

-l 



pov{g op 



for every g G G, and u is induced by the product action of the group A5 x idpi on P 1 x P 1 . 
Proof. Let S be a G-orbit such that T, C Z and |S| = 60. Then there is a commutative diagram 

U 




where is a birational map, 7r' is a P 1 -bundle, a is the blow up of the set S, and /3 is the blow 
down of the proper transforms of the fibers of it that pass through the points of the set S. 
The birational map ip induces the monomorphism v' : G — > Aut(X') such that 

v'(g) =tpov(g) o V" 1 

for every g G G. Let us identify the subgroup t)'(G) with the group G. Put = ip(Z). Then 

• Z' = Z ■ Z - 60, 

the curve Z' is a section of it', and the curve Z' is G-invariant. 

Put m = — Z' ■ Z' . If m ^ 0, then X' = F m and we are done by Lemma lB.181 

If m < 0, then we can repeat the above construction [m/60] times to complete the proof. □ 
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Let r be the biregular involution of P x P such that 

r(a,b) = (b,a) 

for every (a, b) £ P 1 x P 1 . Then r induces the monomorphism v' : G — > Aut(P 1 x P 1 ) such that 

v'{g) = Tov(g) or 
for every g £ G. Then (P 1 x P , £ o r, v') is a regularization of the pair (G, 4>). 

Lemma B.20. The following assertions are equivalent: 

• the monomorphism v is induces by the product action of idpi x A5, 

• the monomorphism v' is induces by the product action of A5 x idpi. 

Proof. The required assertion is obvious. □ 

Let us fix a monomorphism of groups l; G -» Aut(P 1 ), and let us fix some non-inner isomor- 
phism v E Aut(G). It follows from Lemmas EEJ EE] and [R2Q] that we may assume that 

v(g)(a,b) = (t,(g)(a),Lav(g)(b)) 

for every g € G and every (a, b) € P 1 x P 1 . 

Lemma B.21. There is a G-invariant section of the projection ir. 

Proof. Explicit computations shows that there is a G-invariant curve Z C P 1 x P 1 such that 

Z~7T*(0 P l(7)) ® (7TOr)*(ppl(l)), 

which implies that Z is a G-invariant section of the projection ir. □ 
The assertion of Theorem IB. 121 is proved. 
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